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P R E F A C E, 



S it is reajonable to expe6b that one^ rjL'bo 
undertakes to lay his Thoughts before the 
Tublick on any SubjeB^ Jbould be able to 
foint out fome Ad^dantage to be reafed 
from ity it may .not be iipfropery firf to 
Jhew upon what Ground I was induced to 
hofe that the few following Sheets might be of Serrokey and 
^laim a Receftion. And herey I miiji ingemoujly , own that 
what bad il>e greateft Weighty was not any immqderatc O- 
pinion of my ownTroduBionSy but the Scarcity and\\\^ Price 
of fomey and the Imperfedion of the ref of the few Books 
at frefent among us on the SubjeB \ mof of thefe being wholly 
taken uf with a few low Problems y andy what is fill a greater 
Defeat y without affording any General Trincifles whereby 
Ah Thing might be extended farther. There is indeed but 
onCy that Iha^oe met withy entirely free from this ObjeCiion’y 
andy tho* it neither wants Matter nor Elegance to recom- 
.mend ity yet the Price mufy I am fenfiblfiy have fut it out of 
the Tower of many to furchafe it j and even fomCy who want 
MO Means to gratify their De fires this wayy and who might 
not be inclinable to fubferibe a Guinea for a fingle Book; 
however excellent y may not fcruple the bef owing of a finaU 

a Matter 
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Matter on onCy that ferhafs may fer'oe equally well for their 
Turfofe. 

I am fatisfedy it may be deemed a fort> of Trefumftion to 
attempt y ufon any Account y a Suhje6l like thisy after fo great 
.a Man as Mr Dc Moivre y and that fomCy who would fafs 
for conjlder able _ Judge Sy have not been wanting to cenfure 
and contemn this Performance already on that Heady before 
having the leaf Knowledge of the Particulars therein con^ 

• tained. But they would do well- to reflet y whether to fro- 
ceed thuSy may not f rove a greater Imfeachment of their own 
Judgmefit and ConduBy even among their FriendSy than of 
hisy whofe Worky without any Offence giveUy they en» 
deavotir to defreciate. : \ 

I have ferhafs as high an Of inion of that learned Au- 
thor's ProduBiofts as any of thofe Gentlemefi* But does it 
followy becaufe one Perfon has done well on this SubjeBy 
that nothing farther can be neceffaryt BefideSy it is not every 
one that has a Genius fitted for the moft exalted SfeculationSy 
or that is cafable of reading the Works of the mofi fublime 
and celebrated Authors y andy thet'eforey tho* 1 Jhould go no 
farther than to bring down fame of the befi and moft ufeful 
Usings already known to the Level of ordinary Cafa- 
citiesy I Jhould think ' this mighty in fome meafurcy ex- 
etnft me from Cenfure, Howevery 1 would not have the 
Reader conclude from henccy that he has nothing more to ex- 
feB in thefe few Sheets than a bare ColleBion of low Mat- 
ters 'y or thaty like fome of our frefent Mathematical Wri- 
ter Sy .7 Jhould be foorly ambitious of af fearing the Author of 
a PerformancCy that wouldy was every Bird to claim bis 
own Feathery be ft rift as naked as the Jay in the Fable. 


It 


* 

(in} 

It is not my Intentm to fay a great’dedl in behalf of this^, 
Work^ knowing that^ if there be a real ' Mint ^ At will bejb 
recommend itfelf and thaty without this^ it will be in ‘oain 
for me to hofe for a Reception: ' Neverthelefsy it may not, bet. 
amifs to point out fame of the wi^.uieful and curious ^ropo^ 
fttions therein^ and make fuch ufaful Obfer^oations thereon^ as 
may be of fame Service in^ or Jbew it nest unworthy y the TerufaL . 

. ^eift is a Tropoftion of Ufa thrdout theWorky and there^ 
fore ought to be wellunderjiood by a young Beginner \ towards 
which the fx fucceedingCafeSy in lUuftration thereofyWillnot a 
little contributCy finccy by them aloncy a I^erfan^ but tolerably 
skill d in common Arithmetic ky may foon arrive to fomeTrofci- 
ency in the SubjeB, In the id and ^d Problems y befides other 
ThingSy the DoElrine of Combinations and Permutations is 
clearly and fully deduced* Nor is the gthy Jhewing the Proba- 
bility of an affignedEvent happening a given number of Times 
in a given number of Tryals, for general Ufay inferior to 
either of them, ‘ The 6th is very comprehenfivey and of 
great Ife in Lotteriesy Cardsy &Cc. And the isthy for finding 
the Tryals wherein one may undertake that a propofed Event 
lhall happen a^ given Number oP Times, has been long looked 
on as a Troblem of the greateji Note and Confaquencey and 
is fokfd in a more general Manner than hitherto , . • The 1 6 th y 
I ythy and lothy are alfo Problems of fame Note and 
culty. But the iid to find the Chances for a given Number 
of Points on a given Number of Dice, and the i^th on the 
Duration of Play, are two of the moji intricate atid remark- 
able in the Subject y and both folv*d by Methods entirely new. 
The lyth is a Troblem that was propofed to the Tublic fame 
time ago in Latin, as a very d'tficult one, and has not (that 
I know of) been anfwered before. And the i^h and loth 

ate. 
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the Janie 'mih the two new eneSy added in the of 
Mr Dc MoiyieV Idft 'EditioHy whofe Dmouftrations j that,, 
learned Author ^ was f leafed ta referve to hmjelf and are, 
here fully and clearly inveftigatedy which Tro^nts are both 
of Qonjiderahle hnfdriakcei Lafil^y in the Lemmas, among, 
other Things^ will be found two 'new Methods for fumming of 
^ries y and by Helf of one of them the Value of a Series of 
S^-owerSy whether whole or brokeUy is determined in a more 
^nciic and general Manner than heretofore* 


ERRATA. 

PAge 1. L 10. f$rl 20. r. lot 10. P. 13. /♦ i.for- f^ r. P. 13. /. 1 1. /ir will 

r. c&'c. will. P. 17. 4 ip. ^ Combination r. Continuation. P. 18. /. i4.'/*r firft r. firft of 
the. P. 31. /. li. for or r. &t. or. P. 36. /. 1. for the 1. r. the Sum of the a. P. iS. 1 . 13. 
jtf true Value r.’Valnc. P. 41. l.ii.fir Places r. Place. P, 43. /. i. for betaken r.>be Co 

taken. P. yj. /. is ’fir &c^ &(• P- 54* ^•■4- fir the Poinw r\ the 

Number of Points. P. j6. /. 1. for ProbablBtjr of r. Chances for. P. 70. /. 1. fir — r. 

P. 79. UneUfl, fir Lera. 4. r. Lem. y. P. 80. 1 . $. i. r. s=^. 

N. B. By an jlUeration inadvertent^ made in the ytk Problem, at 
the Correflion of the Prefs, without remembering that the Senfe of the 
two fucceeding ones depended 'thereon, it may feen at JirJl fight, as if 
the Solutions to thofe two Problems would h)ld nearly true only in very 
great Numbers ; wherea? they -are in all Cafes exaflly fo, and were fo 
intended to be underjlood 5 as will appear from the Perufal. 
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DEFINITIONL 

H E Probability of the Happening of an Event Is 
* to be underftooil as the Ratio of the Chances by 
which that Event may happen, to all the Chance* 
by which it may either happen or faiL 

. As) fuppofing it were required to.exprels the Probability 
of throwing either an Ace or Dnceat the firft Throw with a 
fogle Die ; then there being in all 6 diflferent Chances or Ways 
that the Die may fall, and only 2 of them for the Ace or 
Duce to come upward, the Prpbability of the Happening of 
one of thefe will be | or and that of the contrary J or f : 
Or, more, generally, fuppofing there be a Chances for the 
Happening of an Event, and b Chances for the contrary \ then 
" ** A * the 



N C E S. 
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the Probability of Happening will be 


Failing 


b a 

d — d ~j— b 


a 


and that of 


C O R O L L A RY. 

Hence it appears, that if the Probability of the Happening 
of an Event be fubftraded from Unity, the Remainder will 
be the Probability of its Failing, and we 

DEFINITION II. 

T he Exfe 6 fation pn an Event is cebfider’d as theprefeni-, 
certain Value, pr Wprth of whatever Sum or Thing 
is depending on the Happening of that Event, and is com- 
pounded of that Sum and the Probability of obtaining it. 


COROLLARY. 

Therefore, if the Expe£btk>n on an Event be divided by 
the Value of the. Thing expefted on the Happening of that 
Event, the Q^OtiePt will be the Probability of Happening. 

EXAMPLE. 

Suppose A to throw once with a fingleDie, on Condition 
that if either an Ace or. Duce comes up he ihall be intitled to 
ao Shillings ; then, becaufe the Probal^ty of his receiving 
the laid Sum is \ {Drf, I.) 20 j. or |?o will be the Ex- 

peftation in this Gale. ^ 


PROBLEM I. 

nrO find the TrobabUity that two ajfigned Boents JhaU both 
^ happen. 

Let 


Ljiws CHANCE. 

. Let the Probability of the Happening of the firft of the 
two Events be denoted by of the f^ond by 

and fuppoie the Happening of both to entitle a Peribn 

B to the Sum S,- Now if the firft of theft ihould happen, 

it is manifeft . that, from that Time till the ftcond k determi- 

' * c • 

hed, the Expectation of JB will be — j— S, or fb much is the 

Sum that he might in that Circumllancc receive as an Equi- 
valent for his Chance of obtaining the Sum S, But the Pro- 
bability of getting into this Giro^ftance, or being intitlcd 
c ^ 

to the Value bemg only bis Expedation there- 

fore, before either of the Events is decided, can be only 

therefore the 

required Probability of receiving it, or the Happening erf both) 

the Events, only-^qpjX^jqi^; that is, the Probability that 

any two afligned Events lhall both happen,, will be equal to 
the ProduCl of the Probabilities of the Happening of thoft 
Events confider^ ftparately. 


COROLLA RY. 

Wherifore, fince the Probability of the Happening of 
each of theft Events may be compounded of the Pro- 
babilities of the Happening of two others, as well as that 
of receiving the Sum S is of them two, it follows that 
the Probability of the Happening of any given Number of 
Events, /. e* that they lhall all happen, is equal to the Pro- 

dud 
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dud of all the Prdbabilitib of Happening of thofe Events 


confidcred fingly., ... 

But as this Conclufion is the Bafis whereon all the fucceeding 
Calculations are founded/- it may not be improper to enlarge a 
little farther thereon, aqd endeavour to ^fender the’ larhe ftill 

I • 

niore familiar and cafy by a Mumerical Exegefis, in order to 
ihew. thole , who are not lb , well acquainted with -Algebraic 
Computation how to realbn with Certainty on the Subjed. 

I. Suppofe yf, holding a fingle Die, to begin to throw, on 
Condition that if an Ace comes up both the firft and lecond. 
Throws he {hall receive i /. Now if an Ace Ihould come up 
the lirft Throw, the' Expedation, or 'Worth of his Chance' 
would, it is manifeft, then be ^-of .i/.;but- the Probability of 
getting into that Circumftance being but the 

required Expedation before he begins to throw will •.* be* 
only J of.i of i/.. This divided by i/. gives J-x - for theProba-' 
bility of receiving the Sum propofed, {Cor» to Def. II.) equal* 
to the Produd of the Probabilities of Happening of two 
Aces, when confidered foparately. 

' n. B upon certain Confiderations agrees to depofit to A 
the Sum of 50 Shillings, if in the three' firft Throws with a 
fingle Die the latter throws' three - Aces. Tf an Ace Ihould 
eome up the firft Throw, it is evident, from the laft Cafe, that 
the Expedation of ^ would be 5 of of 50 Shillings; but 
as the Probability of that Happening is only i; his Exped'a-' 
tion before the firft Throw will therefore' be ‘but i .of- ^ of' 
^•of 50 Shillings; and conlequcntly the Probability of his' re- ‘ 
ceiving the propofed Sum o-x^x equal to, the Produd' 

of the Prob-abilities of the Happening of the three compo- 
nent 


Laws of CHANCE. 

oent Events confidered lieparately *, agreeable to the general 
Corollary. 

If, inftcad of throwing an Ace thite times together 
-with a finglc Die, the Condition had been to throw three Aces 
at once with three Dice, the Expedation would have been 
the very famei And it may be Either oblcrved, that in divers 
other Cafes, where one Event is, or may be conceived to be, 
compounded of feveral others more fimple, which are all de- 
cided at the fame Time, as in throwing of Dice, it will 
facilitate the. Reafbning very much, to fiippofe them determi- 
ned one by one in a fuccefllve Order. . . 

m. Imagine a Heap of id Counters, whereof 6 are red, and 
the reft black ; and a Perfbn to draw out a of them blindfold : 
To find the Odds that one or both of thofe fhaU be red ones. 
Let them be fuppofed to be taken one at a time, and that, if 
either of them prove red ones, the Drawer fhall be entitled to 
a given Sum, as i/. If the firft drawn fhould happen to be 
red, his Expedation on the fecond would vanifh ; for as the 
Happening of one ted one infures to him the propofed Sum, 
it cannot be of the, Icaft Advantage to draw another red one 
afterwards; and therefore the whe^e Expedation on the fwond 
Counter is compounded of, or depends on, the Probability of 
drawing a black one firft, and a red one next after. Now the 
Probability of drawing a black one firft, is and if a black 

one fhould be drawn, there being then only i j Counters re- 
maining, the Probability of taking a red one next, it is ma- 
nifeft, would be ., 7 , and tlie Expectation thereon?, of i/. But 
the Probability of getting into that Circumftance being only 
a, the true Expectation on tlie fecond Counter is therefore on- 
ly II of of i/. which added to ^ of i/. his Expectation on 
. B the 


77j^- N AT u R E and 

the firft, gives; of iL for the total ; wherefore the Probabi^ 
lity that one or both the Counters lhall be red ones is 5 , and 
the required Odds as 5 to 3. Biit this may be determined 
with more Facility, by firft finding the Probability thatnef- 
ther of the two Counters Ihall' be red ones; for if the firft 
ftiould come out a black one, of which the Probability is 
then there remaining but 1.5 Counters, the Probability of 
taking a black one next would be ~ ; "which drawn into (s) 
the foregoing (See the Cor,) gives J for the Probability that 
both the firft and fecond Ihall be black ones; and therefore the 
Odds are i to 3, as before found. 

IV. Let there be a Lottery, confiding of 100 Tickets, 
wherein there are four Prizes ; To find the Probability 
that in the three firft Numbers that are drawn there fliall bc 
one or more Prizes. Here, as in the laft* Cafe, it wiU be 
convenient to find firft the Probability that none of thofe 
Numbers fhall be Prizes : In order to which, let the firft be 
fuppofed to have come out a Blank ; then there being 
Tickets remaining, and ^5 of them Blanks, theProbability^of 
drawing a Blank next will, it is manifeft, be § ; which there- 
fore multiplied by the Probability of the firft coming oat 
as fuppofed, yields for the Probability that the two 
firft Tickets that are drawn fhall be both Blanks. If both 
thefe fhould happen to be fb, the Probability of taking a 
Blank next will be % which therefore drawn into Hxg gives 

Probability of drawing all three Blanks; 
this fubftraded from Unity (Cor. te Def 1 .) leaves g for 
the required Probability of taking one or more Prizes ; where- 
fore the Odds that all the three are Blanks, are as .71 44 to 
5>4i, or as 1 5 to a nearly. 

y. B holding four common Dice, bets one Guinea to two, 

that 


7 


Laws of CHANCE. 

that one Ace, and no more, comes up the ftrft Throw : To 
find his Advantage or Difadvantagc. Let the Dice be conceiv- 
ed to be thrown one by one: Then if the firftftiouldcomcup 
an Ace, the Probability of miffing the Ace all the next 
three Throws being Jx{x| {Cafe II.) the Probability 
that theffirft comes up an Ace, and all the reft otherwife; is 
J of But fince this is only one of four. Ways 

by which B may win, or becaulc there is the lame Chance 
that the ad, or 3d, or 4tH, may come up an Ace, and the reft 
^othcrwife, ^X4=g will, it is evident^ . be the Probab^ 
■lity of iB"s winning;, wherefore his Expedation on the. three 
Guineas, is of that Sum, from which deducing his 
own Stake, there remains S of a Guinea =3J. 3^/. - for. the 
required Advantage, or lb much is the Sum that he. might 
. give, upon an Equality of= Chance, to another . Perfon . to. lay 
him the Itoe Wager. 

VL On© with a.fingle Die.propolcs to throw the Ace twice 
before cither the Duce or Tray comes up once; To find the 
Odds againft him. There is given the Probability that the Ace 
comes up the firft lignificant Throw, where either Ace, Duce 
or Tray muft come up, equal to |, which is allb the Proba- 
bility of the. feme Thing happening the lecond lignificant 
Throw ; wherefore the Probability that an Ace lhall come up 
both thole Throws, it is evident, will be f of j, or t, ar^ . 
the required Odds as 8 to i. 

PROBLEM IL 

Number (») ef Letters^ as G, D, £*, . 

6Cc. or Things refrefented by them^ be dljfofed In a regu- 
lar Order ; and let a given Number {f) of them be taken^ 
one by one^ as It haffens : To find the Probability that they 

Jhall 
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fiall com cut according to the very Order in which they are 
flaced-j as A i/, B ai/, &Lc. 


SOLUTION. 

Since there are » Letters in all, the Probability of drawing 
A firft is i. If A fiiould be lb drawn, then there remaining 

^ ' I 

« — I Letters, the Probability of taking B next will be - 




whence (Cor, to Trob. I.) it is manifeft that the Probability 
that A is taken firft and B next, is i x 


— . If thele two 
n n — I 

Ihould be lb taken, the Probability of drawing C next will 
be — ^ — , becaule then only n — 2 Letters will be re- 

III 

maining : Wherefore, (by the fame Cor,) 

the Probability of taking the three firft according to the Or- 
der propolcd : Whence, from the Manner of the: Proeds, it is 
evident, that the Probability of coming out of the 4, 5, or 

6 firft, according to the lame Order, will be ix — ! — x 

H I 


I 

-X 


1 

or -X- 


« — 2 3 » I n — 2 »— 4 


n I n — 2 


— X— i-, ^c, rcfpe^tively; and conlcquently that 


«— 3 «-^4 
the required Probability is -x- 


* X — i— continu- 


n n—i n — 2 3 

ed to p FadorSjOr ^ , whole Denominator 

^ « X n — I X n — X, oCc. 

confifts of the fame Number of Fa£lors. 


COROLLARY. 

Hence if/ be luppolcd =?=//, or all the I-etters, or Things, 

be 
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Laws of CHANCE. 

fat to be taken, the above faid Probability ■will become 

7; : Therefore fince there is ' but one 

I X 2 X 3 X 4, 5 Cc. to n 

Chance, or Way, for all the Letters, or Things, to come out 
in that Order, it follows that the "whole Number of Permu- 
tations, or all the different Ways which the feme Things can, 
poflibly be taken, will be the Denominator of that Fradion : 
Or, I X 2 X 3 X 4, fiCc. continued to as many Fadors as there 
ire Things, {Def* I.) . 

EXAMPLE. 

Suppose it were required to find the Number of Changes 
on 7 Bells j then taking the firft 7 Fadofs of i x a x 3 x 4, 
6Cc. and multiplying them together; there comes out 5040, 
for the Number that was to be found. 

PROBLEM III. 

IF out df any given Nimther (n) of Things^ as Z), 

F, a^erfon be to take a given Kumber {f) of them^ 
as it haffens ; what is the Probability that the Things fo 
taken Jhall be the (/) frft of the foregoing Order^ as 
and Dy 

» • • 4 

SOLUTION. 

‘ Let the Things be taken one by one ; then becanfo, in the 
Whole, there are f affigned, the Probability of drawing one 

of thele firft will be If one of thole Ihould be drawn, 

ft 

then there remaining ^—i, of which f — i will be of the 
Affigned ones, the Probability of drawing one of thele next 

would be ^ — 7; wherefore, ( h Cor* to Prob, * 

n — w' . . . — 1» 

C wiU 
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will be the Probability that the two firft taken fhall be 
both of the Afligned ones.. If both thole Ihould be lb> 
the Probability of taking another of the Affigned ones next, 

it is obvious, would be ^ • therefore {hy the fame)Jtht Pro- 
bability, of all the three, firft .being of the Aftigned. ones is 
— !-x^ — Whence, from the Method of. the Procefs.it 


is manifeft that the Probability fought wiU*be.^xj^ — 


- — dec. continued to p, Fadors ; Or, which is 
» — I « — 3 n — 4’ ^ ^ ^ 


I X 


the lame, where, the Numera- 

tor and Denominator confift each of A Fadors: But theJFac- 
tors in the Numerator forming an Arithmetical ProgKffion, 
whofe greateft Term is /, and common Difference i, and 
the Number of Terms being A? theleaft Term orFadormuft 
Dcceftarily. be =i, and the laid Numerator in. an. inverted 
Order, i x 2 x 3 x 4, dcc. to p 3 and conlequently the Probabi^^ 

lity = ,,,, . 1 1 ?>< 3 X 4 


n X n — I X « 


2X» — 3’ 

COROLLARY. 


If the p Things, drawn one by vOne, as' above, be mixed 
^in among the reft; and a lecond Perlbn afterwards draws, 
at random,^ an .equal Number, A> once, it is manifeft, that 

the Probability of his taking the very fame, or any other, A> 

.... ' IX 2x3x4- . , A- > 

will be — , fiCc. the lame 

, ... ;;x«— ix« — 2x« — 3^ 

as above ; . and therefore, fince there is, here, only one 

Chance or Way for taking the laid p affigned Things, this 

one.Chance- muft be to the whole Number of Chances, or all 

! . the 


Affigned Ones, 


II 


Laws of CHANCE. 

the leveral Ways that { Things can be fo taken in « Things^ 
as theNum. of the above Fraftion to its Denominator, by- 
Def, L Wherefore the Number of Combinations, or different* 
Ways by which « Things may be taken,/ by/, is equal to- 
n X n — 2 X n — 3, bCc. to / Fadors, n n — i n — 2 n — a . 

1x2x3 6Cc. to / Fadors, 12 3 4 ’ 

continued to as many Fadors as there are Things in one Com- 
bination. . 


EXAMPLE. 

Let it be required to find how many different Pairs, or ' 
Combinations, of two, can be made with four Aces.' Here ta- 

king -X -the two firft Fadors of the general Expreffion, 

(becaufe two are the Things in one Combination) and writing 

four inftead of ./I, >ve have -x^ — - =6 for. the Number that 

was to be found. . 

PRO B L E M m: 


*T 1 HERE are fe'veralSorts ofThmgSy or Letter as a a 
bb bb by .ccc c ,. dd ddddddy to be mixed fromifimuj/y 
together y in order to be taken one by one^ as.it haffensi 
MHoat is the Probability that any given Number of thefe 
Sorts come out in the very Order here exhibitedy k e. that all 
the' a' s come out firjiy all the b* s' nexty &c, ^c. ^ 


SOLUTION. 

Since, the .Number, of Letters of all Sorts is here 20,* 
and that of the fiiil Sort 3 y the Probability that thele 
fliall be all taken before a Letter of any other Sort, is ^x 
(by the, lafi Prok) If thefe (hould be fo. taken, the 
*- ) Pro- 


It * 


The Nature 


Probability of drawing the b* s next in Order, it is manifefti 
\Vould be -X tx Jx t (by the pme ) : Wherefore the Pro- 
bability that both a*s and b*s Ihall be taken in Order 
will be i X X i X .7 x x i x ^ x ^r$k L) In like manner 
the Probability of taking the three firft Sorts in Order, will 
be had x ^x^x tx.^x.^x ix-J; which is alfo 

the Probability of taking all the four Sorts in Order, becaufc 
when the firft three of them are fo taken, the laft muft follow 
of courle. 

CORO L L A RY. 

If the Namberof Letters, or Things, of the firft Sort be 
of the Iccond Sort of the third r, &c. and if n be the 
whole Number of Things of all Sorts : It is evident by In- 
fpe Aion, from the foregoing Procefs, that the Probability that 
any Number of thofe Sorts • will. come out in the propofed 
Order is 

ixix^, Kc, to X 1x2x3, &Cc. to <7, XIX2X3, 6Cc. to r, 6Cc» 
?/x// — ixy/ — 2X«— 3x» — 4X/; — jxw — 6x» — yx« — 8x» — 5>,&:c. 
where the Numerator confifts of as many Series as there are 
, Sorts to be taken in Order, and the Denominator of as many 
Fadors as there are in all thofe Series. 


P R O B L E M V. . 

VUpfoJing the Tr opart itm of the Chances for the Happefttng 
^ of an E‘vent to the Chances for its Failing be as a to b^ 
in any one Tryal^ and («) be the Number ofTryals : To find the 
^Probability that the EvcKt happens precijebjt {f) times in thofe 
Tryals, 

SOLUTION. 

Since the Probability of Happening of the Event at any 

one 
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one afligried Tryal is and that of the contrary — ; 

the Probability that it lhall happen all the f firft' Tryals^ 
and fail all the reft, will therefore (Jby Cor, to Trob. IJ be 

; — X . = ,■ ^ : But as there is the fame Proba- 

aJ^b? a-{-b” 

bilityfor its Happening any other / affigned Tryals,and Fail- 
ing the reft, it is manifeft that as many different Ways as f 
Things can be taken or combined in n Things, juft fo often 

Jb”^ 

ought the faid Probability - be repeated to give the 
Value fought ; Wherefore that Number of Ways or Combina- 
tions being -x^ — ~ , 6Cc. tof Fadors, (by Trob, III.), 


^ n n- 

X — X 

I 2 

Value, Qj^R I. 


I n — 2 n — 
-X X 

3 4 


confequently be the 


COROLLA RY. 

Hence, if / be taken equal o, i, 2, 3, &c. fucceftively, 

.t r 1 MI u i /.”“V 

the laid Value will become --r; , «x — 

5+^’ a+b,"' 2 

n — .1 
«x X 

i^recifefyy o, i, 2, 3, SCc. times, refpedively; where thefeve- 
ral Terms are thofe of the Binomial b-i-a raifed to the Power 
whole Index is », divided by that Power. And therefore if 
from the Binomial b-^a raifed to the n Power, all the Terms 
where the Indices of a arc Icfs than />, be taken and divided 
by the Quotient will, it is manifeft, exprefs the Pro- 

bability that the propofed Event fhall not happen fb often as 

f times in the given Number n of Tryals; But if the remain- 

D ing 


2 b”^^a} 

Probability of Happening 
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ing Terms, or thofe where the Indices of a arenotlels than 
be divided by the Quotient will then be the Pro- 

bability that it lhall happen, at leaft,/ times in thole Try als. 


^ EXAMPLE I. 

with four Dice, undertakes to throw one Ace and no 
more at the firft Throw j What is the Odds againft him? 

By confidering the Dice as thrown one by one, and the 
four Throws as lb many Tryals, we have«=4, a=\^ 


^rid therefore 




equal to 


m r 


the Probability of throwing one Ace precilely ; Wherefore 
that of the contrary is and the required Odds to 125, 
or 8 to 5 nearly. 


EXAMPLE II. 

Supposing One to throw up nine Half-pence; What is 
the Odds that there come up more than three Heads ? 

Here ( by fuppofing as in the above Cafe ) n will be =p, 
and^=i ; Wherefore taking the 4 firft Terms, 1+5^4- 
px*+5)x|x2 (=i3o)of 1 4- 1 railed to the 5)th Power, and 
dividing their Sum by i + i]^ (=512) according to the Co- 
rollary, there will be ^ for the Probability that there come 
not up four Heads; Therefore the Odds are exa^Uy as 15^1 to 6 j, 

E X A M P L E III. 

There is a Lottery confifting of a great Number of 
Tickets, whereof the Prizes are to the Blanks in the given 
Proportion of i to 3 : What is the Odds that in taking leven 
Tickets there lhall come out two Prizes? 

Suppofe the Tickets to be taken one by one 3 and let it be 

firft 


Laws of CHANCE. 

firft inquired what the Probability is that there come not out 
two Prizes j Then «being=7,r#=i, ^==3, and we {hall 


IT 


have 




I 


a 


for the Anlwer ; and therefore the re- 


quired Odds well be as 4547 to 3^45. But it muft be ob- 
fervcd that this Proportion is not exadly true, as in the fore^ 
going Cafes ; for here the Ratio of a to b, or the Probability 
of drawing a Prize, will not every Tryal be exadly the famd, 
but greater or lefler according as a greater or leffcr Number of 
Blanks has been before taken ^ whereas in Dice, 6Cc. the Pro-- 
bability of throwing a given Face, ■ bCc. ever continues the 
feme. However when the Number of Tickets is large, the 
Alteration of the Ratio | being then fmall, - this Method of 
Solution will be fofficiently near the Truth ; but in other 
Cafes, or where a rigid Accuracy is infilled on, it will be bell 
to have reference to the 8th Problem. 

I 

I • • 

N. B. That an Exprejjlton placed m a T^arentheJlSy imme- - 
diately after any ^ProduB or Series^ is e'very 'inhere pit to 
Jhew the Number of FaBors^ or Terms ^ to which that Trd- 
duB or Series is to be continued \ As {f) at the End of 
ax« — 3, <?/'«x« — ix»— ax;/— 3 {f)fiews 
that the FroduB «-x n — i x u — 2, ^c. is to be continued to ■ 
as many FaBors as there are Units in (f). 

• ' • * i * * 

P R O B L E M ,yi. . 

' « ' 4 f • 

n^HEFFu is (t given Number of each (f fetferid Son s ' of 
Things^ (of the fame'Shage and Size) yas.(a) of the firft 
Sort, {b) of the fecond, ^c, gut fromifcuoujiy together \ out of 
'which a ghen Number (m) is to be taken, as it hafpens ; 
To find the Probability that there Jhall come out p'ceifely a 

given 
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given Number of each forty as (f) of the firfty (q) of the 
fecondy • (/’) of the thirdy 

SOLUTION. 

In order to render the Solution of this Problem as eafy as 
may be, let the Things of the firft Sort be leleAed from the 
reft, and of thole conceive the given Number f to be placed 
between A and B, or in 

the firft Divilion of the ^ — P ^ ^ ^ ^ ^ ^ ^ ^ 

line AE, and the reft be- R S T 

tween and R, or in 
the firft Divifion of QV ; 

In like Manner, let the A / , ^ ^ P 

Things of the fecond and BCD 

third Sorts be leleded 

and be difpoled of after the fame Method in the lecond and 
third Divifions of thole Lines refpeftively : And let us firft 
inquire' how many Combinations may be made of m Things 
in the Line AE, by mutually changing, one by ond, the 
Things in that Line for thole in the other Line QV, under 
this Reftriftion, that in every Combination the Number of 
Things of each Sort lhall ftill continue the lame : Then be- 
caule the lame Number of Things of each Sort, or in each 

• Divifion of both Lines, is to be prelerved, a Thing of the 
firft, lecond, or third Divifions of the lower muft always be 
changed for one in the corrclponding Divifion of the upper *, 
and therefore it is manifeft, that' as many Ways as f Things 

can be taken in a Things, which is ^ x? — ^ (^), ^rob, 3. 

12 3 

• fo many Combinations may be made in the Line AE, orQV, 
without changing any one of the Things befides thofe in the 

firft 


Laws of CHANCE. 

firft Divifions of thofe Lines : And for the fame Reafbns it 
is evident, that the Number of Combinations in each of the 
fame Lines, without changing any Thing befides thofe in 

the fecond or third, 2cc. Divifions, is - ^ , (^) or . 

12 3 

(r), 6cc. refpeftively. 

But fince -x^^ — ^x^ — ^ (q) the faid Combinations in the 

12 ^ VJ 7 

firft Divifion, may be repeated every time a Thing of the 

fecond Divifion is changed without altering any thing in the 

X' j* -r ^ . b b—i b — i 

lucceedine; Diviuons, - x x (p) into - x x - 

® ’ I 2 3 12 3 

(y) muft confequently be the Number of all the Combinati- 
ons that can be produced by changing the Things of the firft 
and fecond, without affefting thofe of the other Divifions. 
But this Number of Combinations may in like manner be 
repeated every time a Thing of the third Divifion is changed; 
and therefore all the Combinations that can be produced un- 
der the propofed Reftridion, without changing any of the 
Things befides thofe of the three firft Divifions, will be 

^ ^ / \- • c c—i c—2. . 

- (/>) in. -x X (q) in. -x X (r): 

from whence the Procefs and Law of Coojfiiation are. man i- 
feft. Wherefore, having now found all the poflible Way 5 
that the Things can be taken to have the propofM Numbers 
of each Sort, we arc next to fee how many W ays the fame 
Number {m) of Things may be had without any Reftridion. 
This Number of Ways, if « be put SCc. the whole 

Number of Things, will be (^) (h 

E afhre-^ 


17 


a a—i a— 

-X X — 

1 1 2 3 
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aforenamed Troblem) : And therefore 
a a — I a — 2 ^ . b b — i h — 2 


-X 

1 2 


•X— (/) >"•- 

^ 


X -X- 

2 3 


(?) “• I 


C C — I C — 2 


('•) 


n «— I /*— 2 *3 ;/— -4 -c . . 

-X X X ^x — ^x — (m) 

12 3 4 5 6 ' 

muft confequently be the Value. E. L 

COROLLARY I. 

Hence if the Number of Things of each Sort be equal, 
and thole propoled to be taken of each allb equal, and w be 
put for the Number of Sorts, the Probability, it is manifeft, 


will become 


a a — I a — 2 . 

1 2 j vx/i 

n »— I n—2 . A 

— X X (m)\ 

12 3 


COROLLARY H. 

When there are only two Sorts of Things, then j, 

&C. become =0, a-}-b=ny ^-\-q=my and 

a a — I a — 2 . b b — i h — 2 , v 

-X X {p) in,-x X iq) 

1 i 3 1 — 5 L-. equal to the required 

(«) 

12 3 4 

Value in that Cale^which, when it is propofed that no 
one of the firft^two Sorts lhall be taken, will become 

— lx - — (m). becaule then p is =0, and^=w. 

« «— I «■— 2 «— 3 7 j 


EXAMPLE I. 

In a Lottery conlifting of .pp Tickets, whereof there 
are two Prizes of 1000/. and five of 100/. What is the 

Pro- 


19 




Laws of CHANCE. 

Probability that in taking 6 Tickets there ftiall be juft one 
Prize of each of thofe two Sorts? Here n being m=: 6 y 
^= 5 , c*is=^2, <^=o, dec. K=4, J=o, dec. 

the Value fought, by the general Theorem, will be equal to 
»xfx«x^xfx^ _ 23x25x89 x91 _ 46565)25 I 

» X ^ X ^ X ^ X ^ X ^ 1 5 >x 2 2x49x5/4x5)7 1 86760876^ 40 

nearly. 


E X A M P L E II. 

Suppose One to draw four Cards out of the whole Pack ; 
and let it be required to find the Odds that there lhall not 
come out juft one of each Sort, as one Heart, one Diamond, 
dec. Becaufe, «, the whole Number of Things (or Cards) is 
here =52, thole taken (or m) =4; (w) the Number of 
Sorts =4j a, c and ^/, each =13 ; and /, y, r and s each 

j 21 4 

: By Cor. I. we have ^ for the Probability 

. . 1 ^ 4 ^ • 

of Happeriing ; therefore that of the contrary is and the 
required Odds as 18628 to 215)7, or nearly as 8 to i. 

EXAMPLE m. 

Let there be a Heap of twenty Cards, wherein are leveii 
Diamonds, fix Hearts, four Spades, and three Clubs ; To 
find the Probability that in drawing eight of them, at a Ven- 
ture, there ftiall come out juft tfnee Diamonds and two Hearts. 

Here, becaufe the Anfwer is reftrained only to the taking 
of three Diamonds, two Hearts, and three other Cards that 
are neither Diamonds nor Hearts, thefe laft, or all the Black 
ones, in refpecl to the general Theorem, may, it is manifeft, 
be confidered as one Sort. And we ftiall have,; ^=6, 
»=20, f«=8, />=is3, ^^2, »i*=s3 ; and therefisre..; 
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!-X?X?X?X?X;X;X! 


. ^ ^ ^ ■ > ? — fUg Probabilitv 

i7xi 5)X26 35)78 ^roDaomry. 

Wherefore the Odds is as 2753 to 1225, or as 5) to 4 nearly. 


EXAMPLE IV. 

There is a Lottery confifting of 10,000 Tickets, among 

which are three particular Priaes *, What is the Odds that a 

Perfbn in taking 2000 of them lhall not have all thofe Prizes? 

As it matters not, here, whether there be other Prizes in the 

Lottery beCdes thel'e three, the other ^5>3>7 Tickets may be 

all confidered as Blanks ; and then the Probability of taking 

the three Prizes with of thele Blanks, {by the Theorem 

' r IT \ • ^x2^x2^ SCc. to 1 515)7 Faftors ^ ■ 

tn Cor. II.) IS - joooFaaori ‘ 

Expreflion, by realbn of the great Multitude of Fadors it 
involves, mull be impradicable without a proper Method of 
Redudion, and as this will always be the Gale where the 
Number of Things taken is very large, it may not be im- 
proper to Ihew here how the Theorem itlelf may in thole 
Gales be contrafted. In order thereto, equally multiplying 
both Numerator and Denominator byJix2X3X4 {m\ our faid 
Theorem (Vid. Cor, II.) will, it is manifell, firft become 

(f) into^x^ — I xb — %{q) intomxm — i xm — i{y) 


a a— 

—X— ■ 
I 2 


I a — 2 


nxn — I x« — 2X« — 3x« — 4x« — i (w) 
where, by breaking the Denominator into two Parts, lb that 
the firft Factor of the latter may be =^, it will next Hand thus, 

xly? {f) in. bxb — ix^ — 2 (y) in. mxm — ixm — 2 (/>) 

nxn — ix» — 2x« — 3 {a) in. by^b — ix^ — 2 {m — a) ’ 

where equally dividing by bxb^ixb'^% (m^a) it becomes 
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^ (/>) in. a-Yb^mxa'\’h — m — i — m) in. /wxw— i (p) 

X 2 

;/x« — ix« — 2x« — 3x« — 4 

where puting ^ for = the Things remaining after 

{m) the propofed ■ Number is taken, and for a-\-q--m its 
equal it will, at length, be reduced to 

f ^ df X d ' f y 

-X — ^x — ^(y) in. «x^— I x^— 2(^— y) i x»;— 2 fp) 

«X« — I X« — 2 X « — 3 x« — 4 X« — jx « — 6 (^) 

equal to the Probability of taking precilcly f Things of that 
Sort whole Number is a: By help of which it will now be 
eafy to proceed in the Profccution of our Example ^ for here 
« being = 10000, «i=20oo, ^=:8ooo, ^=5, and y=3, the 

faid Expreffion becomes ilMl^ 2 £EJL 1922 ±^^ 
^ . lOOOOX 

199700 ^ equal to the Probability of taking all the three 
249925005 

Pmesj^.Wherefgrc t^ , required Odds is as 247928004 to 
1 99700 1, or as 124 to I nearly. 

EXAMPLE V. 

The fame Things being fuppoled as in the laft Gale ; Let 
it be required to find the exa 61 Odds that there comes out one 
or more Prizes ? 

•In this Cafe, it is manifeft, the Anfwer may be obtained 
by leeking feverally the Probabilities of taking one, two, 
and three Prizes, and adding them together, 6cc. But by firft 
making the Probability of taking no Prize at all the Sub- 
jed of our Inquiry, it will be eafily had at one Operation ; 
For then y being = o, the general Expreffion (contracted as 

above) becomes • and there- 

' 10000 9999 9998 249925005' 

F fore 
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fore the Odds are as iiyps '^^^4 lai^^/jooi^thatthw 
conies out no Prize. 


PROBLEM VIL 

^ i^iit'gsfoen NumSer of each cf twa S^rts 
of Things ta be>fut fnomfcueujfy together \ Tik findl haw 
many mujjl be tahn^ oux of tho Whok^ to. make it: an. equal 
Chanc.e that. th^. JbalL alL come, out (f one given Sent. . . 


& a L, U T I O R 

I^F # be put for the whoJe Number of Things, b thoft of 
the given Sort, and m the Number required ; it is.manifeft 
from Gor. II to. the laRPrpb. that the Probability of taking 

al:l* the m. Things, of that Sort wHl‘ be ^ (m)' ; 

which, by- the Queftion, muft here =1 ; but 

b b—i b^i . ^ h b b . . 71^ 

-X X (m) (=0 will be-x-x- (m\ or - very near- 

ly ; whence in Logarithms m into Log. b — Log. //= — 

Log. 2,. and . Q; E*. L 

Log.. Log. ^ ^ . 


EXAMPLE. 

In a Lottery conhfting of 100,000 Tickets, in whith the 
Blanks are to the Prizes as p to i , how many ought one to 
take, to make it an equal Chance that there lhall come out one 
or more Prizes ? Or, which is the fame, that there lhall be no 
one of them Prizes?' H(sre n being 100,000, and* po,ooo; 

the general Expreflion becomes — ~ — = <^*58 ; which 

S' 4*^S4^4 

not coming out a whole Number, Ihcws there can be no exact 

Equality 
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EquaTkyof Chance fn this Gale, 6 being too final^, anxf 7 too 
great a Number. 

PROBLEM VIIL 

^J^HE fame being fuppofed as in the loft Problem ; To find 
theTrvbability that in taking a ghen Number (m)- of thofe 
Things^ there JbaU not come out a ghen Number {f)of one SorK 

SOLUTION. 

This Problem' may be* f^'ved in any Cafe, from 
Cof. H tKF Prob. VL by finding at ferera! O|>erati0iTs- the 
Probability of taking, precifely all^ inferipr Numbers tof 
the propolcd one. Biit thele Operations maybe rery much 
contrai^ed j for if (as . before) a be. put for the Things of one 
Sort, ^ thole of the other, and «the whole Nunibet of both 
Sorts, it is manifeft from thence, that 

- (^-/>)‘ 

— wiU Be the Pro-. 


a a — I a — 2 , . b b— v b 

-X X (/>)ini“X* X- 

12 a I 2 


n.n — r n^i-n^A 

— X X X ^ 

1 2 3 ‘ •• 4 


i”>y 


babilhgt of ' ta^g./' Things' pred&ly of that Sort whole 
Number Therefore if / be luppofed e^aal to o, i,,a, 5; 

fiCc. fuccelfively, and A be put - - -x — (m) = the 


m I- n — 2 


Probability of taking none of the laid Sort, and b — w-f-i =/&• 

- ... . 'm or . m m^v a m 2 a 

then will A,, T-x- A, j-x-^ x-x ^ — x-x 

► 

A', 6t'c. be the rd^divePtobabilities' of drawing 


I a — a 

— X 


^3 


o, I, 2, .3, bCc. of that Sort, precifely: Wherefore A-fjx 


I h-\‘\ 2 


t 1 % ,.m—2 0^2 


con- 
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continued to as many Terms as there arc Unites- in will 
be the Probability fought \ B, C, D, denoting the 
preceding Terms. 


EXAMPLE. 


In a. Heap of lo Cards whereof one half are red and the 
other half black ; What is the Probability that in drawing 
5 of them at a Venture, there fhall come out 3 red 
ones? Or, which is the fame, that there fhall not come out 
3 black ones ? Here ^ being =5, ^=5, «=io,/>=3, and 

: A or -x^ — ~ will be , and h (^b — 

* n n—i ^ ' ' ' 

= 1 ; whereforeA+^x^ A -dr ^ becomes 


^5 


1-5^ = ;j which therefore is the required Value in 


2J2 ■ 252 
this Cafe. 


PROBLEM IX. 

^T^HE fame betng Jitll ftippofed as tn the preceding TroblemSy 
and that the faid Things are to be taken one by one as it 
happens j To find thefiProbability that the {p) firfi fhall all come 
out of the firji Sorty and the next after of the contrary ' Sort. 


SOLUTION. 

The Number of the Things of the firftSort beings, that 
of the fecond Sort by and the whole Number of both Sorts//, 
the Probability of taking one of the firft Sort firft, will, it is 

manifeft, be - j If this fhould happen, that is, if one of that 

ft 

Sort fhould be actually taken, then there remaining only i 
of that Sort, the Probability of taking one of thofe next 

would 
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a — I 


would be Probability of taking both 


the two firft of the faid Sort will be (TraPoJittonl.) 

From the Manner of which Procefs it is evident that the Pro- 
bability of taking all the firft tn of this Sort will be — ^x. 

(w) : But if thefe fhould be fb taken, the Pro- 

b 


a — — 3 


n — 2 n — 3 

bability of taking one of the other Sort next will be 
Wherefore ^ ~x {m) in. ^ 




n — a ' 
a a — I 

X >c 


« n — I n — 2 


n — a n n — i n — 2 


^ 2 5 

X (w+ 1) is the Value that was to be foundl 


PROBLEM X: 

r? determine the Odds at Bo'wls^ or other Games of the 
like Nature^ in any Qrcumjlance of the Tlay. 


SOLUTION. 

4 ^ . 

First, fuppole the Players to be only A and\ 5 ; or,, that 
there are only 2, Bowls of a Side: Then, as the Probability that 
cither of them (hall win juft i Bowl at an End is the fame 
as thati of taking 2 Things out of 4 Things of 2 Sorts, lb 
that the firft may come out of the firft Sort, and the other of 
thecontrary ; the laid Probability, it ismanifeft, will be ‘x|=J, 
by the laft Problem ; And, for the like Rcalbn, the Probabi- 
lity of winning 2 Bowls at an End will, by. the fame, be had 
= ;xjx[=ri., And the like may be had in any other Calc 
when the Players are a greater Number, 

This being premifed ; Let A want 2 of being and B i ; 
and the Value of, the Hmg flay’d for be denoted by i. 
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. If A gets juft I at the firft End, of which the Probabili- 
ty is j (fer above) he will be in the fame Circumftancc with 
his Antagonift, and therefore entitled to • the whole Stake, or, 
Wherefore his Expedation on that Event, while it re- 
mains uncertain, will be \ of *=£. But if he fhould get 2 he 
will be intitled to (i) the whole Stake; wherefore as the Pro- 
bability of getting 2 is ^ his Expectation on this Event will 
be, alfo, which added to the foregoing will conlequently 
( 0 ) ^he total Expectation of A in the propolcd Circum- 
Itancc ; which fubftraCted from ( i ), the whole Stake, leaves that 
of B =*, and therefore the Odds are as 2 to i in this Cafe. 

Let A want 3, and B as before, Becaufe the Probability 
that A gets juft one at the firft End, or there brings the Play 
to the Circumftancc of the above Cafe, is •; and as his Expecta- 
tion in that Circumftance will alfb be \ (fer above) his prefent, 
Expectation on that Event will therefore be J. But if he 
Ihould get 2, he will be entitled to half the whole Stake, or 
which therefore multiplied by the Probability of getting 
2, gives for his Expectation on this Event ; Whence ^ -f- 
=3^, the Sum of thefo 2, muft be the total Expectation of A 
in this Cafe ; hence that of B =g, and the Odds as to 7. 

’ Let A want 3, and B 2. Now A muft either get i or 2 
at the firft End ; or, i or 2 at the fame End. 

If A gets I he is entitled to ; the Stake, which multiplied 
by the Probability of it, is -J, the Expedation on that Event. 

If he gets 2 he is entitled to (by the firjl Cafe)^ therefore 

the Expedation on this Event is 

If B gets I, A will be entitled to (by the lafl Cafe),, and 

there- 
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therefore on this Event his Expedation is 
B gets 2 the Expectation of A will be nothing at all; There- 
fore c-f 5 +;^=£, the Sum of thofe 3, is the total Expcdation 
of A in this Cafe. And by proceeding on in this Manner 
the Expectations of the Gamefters may be determined in any 
other Circumftance of the Play ; and Tables calculated to ex- 
hibit the Odds, not only when the Players are 2, but a greater 
Number. The iirft of the 2 following Tables Ihews the Odds 
when there are only 2 Players; and the lall, the Limits of the 
leaft Odds when the Players are indefinite, the Odds in any 
Circumftance of the Play growing lefs as the Number of 
Players is increafed. 

Truly. Nearly. Truly. Nearly, 


z 

3 

4 

5 

I 

5 • 3 

23 : 9 

I 01 : 27 

43* * 81 

; i 

3 i 
5 f 

1 

I 

I 

I 

3 


77 : 5 * 

* i 

1 

4 

2 

*75 * 81 

2 i 

I 

i. 


*535 : 5*3 

3 

1 

4 

3 

601 : 423 

* f 

I 


5311 : 2781 

* A 

I 

T 

f 

18909 : 138^9 

* i 

I 


2 


2 

1 

2 

I 

3 

I 

29 

7 

4 ? 

1 

4 


95 

*3 

7 t 

I 

5 


601 

47 

1 2 f 

I 

3 


7 * 

37 

* fi 

I 

4 

2 

247 

77 

3 1 

I 

5 


272 

52 

5 4 

I 

4 


607 

365 

> t 

I 

5 

5 

8307 

3*57 

2 f 

I 

5 

4 l 

13507 

21485 } I \ 



« Now by the Help of thefe Tables the Odds may be nearly 
had in any intermediate Cafe, as follows, ‘i 3 tz. In the pro- 
pofed Circumftance, be it what it will, from the laid Tables, 
find the Probabilities of winning in thofe two Cafes for 
which they are calculated, and let thofe Probabilities 
be denoted by f and T refpeCtively, and let n be the 
Number of Players ih the Cafe propofed ; then will 

-7-^ be the Probability of winning in that Cafe, nearly. 

EXAMPLE. 

’ ' 

Su pposE the Number of Players to be and one Side to 

want 
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want 2 of being up, and the other 4. Then by the Tables 
the Odds will be as 3 • to i , and 2 J to i ; and therefore the 
Probabilities of winning ly and refpedively, (in thofe Gales 
for which the Tables are calculated under the fame Circum- 
ftance); Wherefore T is here =,% and / and therefore 

nearly = the Probability of winning in the 

Gale propoled ; whence the Odds are as 5 to 2 nearly. 

PROBLEM XL 

^JVO Ter fans (or T art ies)y A and B, flay together with 
(«) Bowls a Side \ the Skill of K to that of B, or the 
Odds that any ajjigned Bowl of A is nearer to the Jack 
than any ajftgned Bowl of B, is in the gh^en Ratio of (a) to 
(b)\ To find the Trobability that A has of getting a, gin)en 
Number (f) or more^ and alfo that of getting that Number 
frecifely at any End ajjigned, 

SOLUTION. 

Since the Odds, or. Chances, that any affigned Bowl of 
comes nearer the Jack than any afligned. Bowl of B are as 
a\ob\ each Bowl of A may be fuppofed to contain a Chances 
and each one of By b Chances j and then the Number of 
Chances in all the Bowls;of being na^ and the total Num- 
ber, of all the Chances na-\-nby, the. Probability that Ibme one . 

of A*s Bowls com^s nearer, to the Jack than any one of 

na 

will,itismanifeft, be — — or, if ar be put=wx/?-f equal 

to Now if I of A’s Bowls Ihould come neareft then, he 
r 

having « — i Bowls, or,^^x « — i Chances remaining, .the Pro- 
bability of his haying a fecond Bowl nearer. to the Jack than 

any 

* • 


Law.s of > CHANCE. 

any one of wouy, it is pianifeft, ~ 

'^r^y Wherefore the Probability that ftiall have 2 Bdiwls 

(by Cor^ to 


nearer to the Tack than any one of £’s is ~x 

Trop, TJ In like Manner^ the Pmbability that y^lhall have 
f Bowls nearer to the Jack than any one of B*Sy will be found 

— - (p)j which is an Anfwcr to. the firftPait 

of the Queftion: Now if that Ihould happen, of which this 
laft ExprelHon is the Probability ^ then there remaining r—/?x^ 

Chances, and nb of thein in Favour of-.fi, the Probability that 

nb 

one of his Bowls comes next will be •== — j Therefore, (by 


the lame Cor,) m. -x x x — x x 

^ r—jj'^a r r—i r— 2 r — 3^' ra r— 1 

— ix^ — ^ will be the Value. Q. E. I. 

r — 2 r — 3 \ 

» 

. Note, By helf of this Theorem and the Method of ^roceed-^ 

. tng in the foregoing Troblem^ the TrobMlity^ or Odds of 
winning, the Game^ may be determined in any Cafe 
whatever^ where the Rato of a b, or the Trofortion of 
Skilly can be afeertained. 


r^l^a 


nb 


?9 


T R O B L E M Xn. 

and B flaying together with fingle Bowls y CoitSy or ' 
TieceSy ^c, the former finds by Experience that he can 
upon an Equality of ChancCy undertake to win (n) TimeSy 
before his Antagonifl once : What is the Proportion of Skill of 
the 2 Gameftersy or their Chances of winning at any ajjtgn-* 
ed Try ah ^ 

\ H SO- 
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SOLUTION. 

Let the required Ratio be that of a to or, which is to 
the fame £Red, let be the Probability of winning at 


the firft Tryal; then by Cor. to Prop. I. — will be the 

Probability of his winning all the n firft Times, or.Tryals^ 
which by the Queftion muft be=;; whence and 

I » 

^X2» — i=^j therefore, zs i : 2* — i :: a : L Q^E. I. 


PROBLEM XIII 

A an^ B, whofe Trofortieu of Skilly or Qmnees forwitming 
any ajjtgned Garnty areas (a) to (b)^ ^lay together 'y the 
former wants ( f) Games of the whole Set, and the latter (q), 
fVhat are their rejpebli'oe Trohabilities of winnings 


SOLUTION. 


Suppose the Play to be continued after the Set is out, 
till fuch time as f-\-q — i Games are expired j and a Spec- 
tator E to wager with F that ji beats his Adverfary f of 
thefe Games. Then, {by Trob, V,) it is manifeft the Pro- 
bability of E*s winning will be 


n , 7$—i, , n — I 

a »x-— ^ b . 


,»x oCc. a b 


a-\-b^ 


But this 


is the Probability that y^.wins the Set ; becaufe if he gets f of 
thofe — I Games he muft lofe fewer than q of them, and 

therefore get f before he lolb q \ and bccaule it is evident 
that whatever the Chance of E may be in refpeft of win- 
ning and lofing, that of A muft bs the fame, and *^ice 

‘Derfa. 
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verfa. And therefore, for the fame Reafon, the Probability 


ir f , ff — I I X 

& b a 


that B wins the Set muft be 

9t — I fl_ 




«x ftCc. b a 

2 

7^^ 


Q^RL 


EXAMPLE. 

Suppose to want 5 of being up, B 3, and the Skill 
of the 2 Gamefters to be equal : Then will /'=j, f =3, ^= 1 , 

^=i>«=7> and (=S) and^ii^±i 

a 2 

(=S), the Probabilities of winning j therefore the Odds^ 
that B beats are as pp to 2 $^ 



PROBLEM XIV. 

yj Given Number of GamefterSy A, B andCy tSc,.whofe 
Chances jor winning any ajftgned Game are in the given 
Ratio of ay by c, &c, flay together 'y A wants f Games 
of the whole Sety B, and C, r, What are their feve- 

ral Probabilities of winning i' 

S O L U T I 6 N. 

« i • 

Raise a'\‘b-\-Cy 8Ce. to the Power w^ofe Index is equal 
to the lead of the given Numbers /, r, or, if there be no 
lead,' to one of the lead equal ones, as f ; and from that 
P6wb”take ‘.out the Term wherein the Exponent of the 
Correfpondent Quantity a is equal to/>; and if there be any 
- Terms wherein the Indices of b and c, 6Cc. are equal to 
6Cc. take thoie Ter ms alfb, an d having divided each of the 
■ Terms fb taken by. + fiCc. or//, which is fuppofed 
equal to it, place the fevcral Quotients each in. different' 

Columns,. 
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Columns, mark’d (for Diftindion fake) BtnA.C, fo that 
•the faid Power of a may be in the Column that of b (if 
any) in the ColMn SCc., And then, having proceeded 
thus far, multiply the remaining Terms of the laid Power by 
dCc. and from the Produft feled all^the Terms 
where the Indices of the Powers of c, 6Cc._ar£.£cfpec- 
tively equal to/, y, r, SCc. And having divided each by 
place them, according to the foregoing Method, in the Columns 
By Cy &Cc, Let -the lall Remainder .be multiplied in like 
manner by a-j-bri-Cy &c. and leled, again,; put of this Pro- 
duft the: Terms wherein the Exponents of _<^, b, c, &c. are 
refpedively equal to /, r, 6Cc. and having divided each by 
let “the Qnotients’be difpofed of as before. And pro- 
ceed on in this lame Manner, -repeating the Operation till all 
the Terms are e^hauftqd; -then the Quantities that are, at 
laft, found in the Colprnns Ay By Cy &Cc. will-be,^ relpe^ive- 
ly, the. requited Probabilities of winning. . 

E X A M P L E. 

Suppose the Number of Players to be 3,, as Ay B and 
Cy and they to want i, 2, and 3, relpedively. 

Having firft railed ^-4^^4-^to the i 1(/) Power, and pre- 
pared 3 Columns Ay By 
Cy I take a (=^) from 
the Paid Power, divide it 
by h (=s^+^+c^) and 

d , 

place the Quotient ^ in 

,the Column A ; then 
multiply the Remainder 
b’\-chy a Cy and 


.a ah-\-ac iabc-\-acc , 

bb , “ibbc . %bbcc 

Th+-Br^-TT 

t' , ihc. 


B 


from 


Digitized byGoogie 




Laws o/' CHANCE. 

from the Piodud take the Terms 

alf-\-aCy bb^ divide each by hh^ aud place the a Qiiotients 

^ in Columns’ A and B ; multiply the laft Re- 
mainder 'ibc-\-cc^ by a-\-b~Yc'^ from the Produ 61 : 

j(elc£t nibc-^r^ccy ibbc^ and c’, divide each of 
them; by Ij ., and difpole of the Quotients as before ; lafliy, 
I .multiply the new Remainder ^bcc by divide each • 

of the 3 Terms in the Produd by h\ and place the Quo- 
tients in the Columns Ay By and C as above, and then find the 

total V alues in thefe 3 Columns to be r 7P ^ ^^bc+ act 

h bh /y 


+ 


OyCihcc bh ihhc • ^b*c' 


?>bi 


hb'^^''^'lF^ and^,+-^- ^ thcfl- are refpedively 

equal to the Probabilities required ; which when b and c 
are equal, will therefore become 1?, 7,, and 7*. 

Note, The abo've Method of Solution is only a c 077 ipotinded 
Cafe of Cor, to Trob, I. and therefore to fuch as nnderfand 
■ that wily the Reafons of 'this will not be difficult. 

P R O B L E M XV. * . . . 

*~f^HERE being (a) Chances for the Happening of anEventy 
and (Jb) Chances J or the Contrary at any ajftgned Tryaly 
In how many Tryals may one undertake that the faid E'cent 
Jhall happen (r) times i 

SOLUTION.- . 

* • • ^ 

Let n be the Number fought ; then 


/» . — * I n — I ,r . — 1 1 , 

b -\-nb a-j-7jx — ~b a -f-«x 


« I W 2,”“^ V 

— X b air) 

- 3 


a+hf 

I 


being 


the 
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the Probability that Event fhall not happen r times in n 
Tryals ( by Trob^ V. muft therefore by the Qneftion 

be =S5 i j whence b -{-nb b a 4*wx >c 


? — 14!^^ a (r) \ where fubftituting/^ for a we have 

3 ^ . 

I (r) -from whence 

by the common Methods of converging or infinite Series the 
Value of n may in any Cafe be determin’d. 

Suppofe or^=i j then fince i W 

the firft half of the Terms of the Binomial 1 4/1” expanded 
in a Series is equal to the reft of the Terms, or half the whole 
Power, the whole Number of Terms muft be and 

therefore n the Index of the Power =2r— i, which is the 
required Value in this Cafe. 

I^t f=/> be very fmal 4 then becaufe in this Cafe n muft 
h ^ 

be very great, the Numbers i, 2, 3> 2 Cc. in the Favors n i, 
;;_2 n 3, 2Cc. may be rejeded as inconfiderable in refped 

of «, which done, the Equation becomes i 53 


where, by fubftituting r-f-y inftead of 

2.3.4 i 


ply we get 1 -hr + ‘y -f 


-j-Vf , , r + r] 


+ 


2x3 ^ 2x3x4 


(^) = 


^ or, by bringing the feyeral Powers of r+v into 
2 ’ ^ 

limple Terms, it will be ^ 
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3 ^ 


■ r+n; 

JISl ' 


I, in ,+r+^+jJ (r) 

1 * r* 

•0 in i+rH — I 0 

a 2.3 ^ ' 

— m i+rH — (^—2) 

2 2 2.3 ' 

‘ I t ^ I '** / \ 

— in i+r+-H ('*—3) 

2.3 2 2.3 ^ 

Put ^=i+f+^+^ w, f=^+>^+-fr~(r-i)g=i + 
r-j 1 {r — 2), fiCc. and j= hyperb. Log. of ie \ then it 

wiu'become 

2 2*3 2.3.4 ■ 2 . 

or in Logarithms, ^+7+^^ <■»«+ ^ 

=r+‘0 in I — 2Cc. =:r4*'o very nearly, becaufe / is 
^3 

fuppofed very fmall ; wherefore by Redudion x 

2^X#~ / 

ifg-eh+^ 

— 5gx^— / ' ’ whence by puting thele 

known Coefficients of the Powers of -o, equal to i, i?, 

j — f 

6Cc. refpe£lively, and =.s, we have *v = z — + 

. 

iJb* — 6’x — Dy^z* 6Cc. and therefore /w 

(=r4-‘u) =r+«— or, becaule the 

Series converges very fwift, ^«=r+.c nearly j wherefore 
r-\-z: 


, &Cc. is the required Value in this Ca(e. 
r 

Hence if r*=i, then will ^=i,/==o, 5 Cc. s=hjp. Log. 2 = 
6p3 14,.?;=— .3o686,/>«=.6p3 14, and 

-If 
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If r — i; then<;==3, /=i, g=o, 6Cc, Log. 6 

= 1.7^17, -2;=— .31236, and p/=i.6yS4'y but ' 

firft Terms of the Scries, is =1.6876,' and therefore greater 
than the Truth only by .005)2.- 
LafUy, if ^ be taken equal to, ' 

3, 4, 5, 6, 7, 8, 5)and lofuccef. 

then will 1 z.6745 \ j.C/io | 4.6709 1 5,6701 \ 6.6698 ) 7.6695- 1 8.6693 1 9.6691 1 be the 

Value of refpedively ) from whence it apj>ears that (//) 
the required Value,, in all Calcs where ^ is very fmall, will be 

= — ^ nearly, or pi=r — i\. Now frond this, and the fore- 

I , - 

going Conclufion, where / was uippoled = i , and pi found 
= ir — I, the following Theorem is deduced; by help of 
w'hich, the Value of n in any intermediate Cafe may be 
obtained, it -being always =sx/' — .3 — ,7, very nearly. (i^F.T. 

E:X AMPLE!. 

In how many Throws with 3 common Dice may one un^ 
dertake to throw the 3 Aces. 

The Number of Chances for Failing at any Tryal being 
215, and for happening only one, will therefore be 
=2i5and*-x/— .3+r— the Number that w’astabe 
found. 

E X A M P L E II. 

In a Lottery confining of a great Number of Tickets; 
where the Blanks are to the Prizes as 50 to i ; To find how 
many a Perfon ought to take to exped j Prizes ? 

Here ,jox 5 — *3+5— ,7 =^31) is the Anfwer. 


EX 
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EXAMPLE III. 

Suppose a Lottery like the foregoing, where the Blanks 
are to the Prizes, as 3 to i ^ To find how many muft be 
taken to exped 8 Prizes ? 

Herer being 8, and ^=3, ;x/'— .3 +^—.7 becomes 30.4; 
therefore 30 or 3 1 is the Anfwer. 


EXAMPLE IV. 


In how many Throws, with a finglc Die, may a Perfbn 
undertake to throw either the Ace or Duce ? 

Here r being =1, — .34 -^ — *7 will be 1.7, differ- 

ing from the true Value 1. 705) (found from the Theorem in 
Trob, VIU by .oop only. 


PROBLEM XVI. 

QUffofmg a gi ven Number (n) of Letters b^ c, d^ f 
or Things refrefented by them^ to be f laced in Order^ and 
that a Terfon draws them one by one^ as it haffens^ and 
lays them down in the Order they are taken ; To find the 
Probability that any (f) ajjigned Letters fall have the very 
fa?ne Places in the fecond as in the firfi Ordei\ and (m) other 
ajjigned onesy at the fame time^ all different Places from 
what they have in that Order. 


SOLUTION. 

The Probability that b happens not in the fccond Place 
of the fecond Order, and that, that a happens in the firft 
Place, and b out of the fecond Place of this Order, are i — 

I? And 

K there- 
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therefore if the laft of thefe be fubftraded from the former, 
or, the Probability that h lhall not come into the fecond 
•Place, without any Reftridion of having a either in or out 

of the firft Place, the Remainder i J , it is mani- 

feft, will be the Probability that neither b fhall come in the 
fecond Place, nor a in the firft ; fince a muft neceflarily be 
either in the firft Place or out of it; and the fame is, alfb, 
the Probability that any other a alligned Letters lliall hap- 
pen in different Places from what they poflefs in the firft 
Order. Wherefore if a ftiould be the firft taken, of which 
the Probability is ;, then bccaufe there would remain only 
n — I Letters, the Probability of b and c both happening out 
of their Places (by fubftituting n — i for //, 6Cc. in the laid 
Expreflion) would, it is manifeft, be expreffed by i — 

a I t I 

j ; therefore this drawn into - is 

n — i n — ix« — a ' n n 

— ^ j ! equal to the Probability that a fhall 

lun — I n%n — ix« — a ' 

fall in, and b and c out of their Places ; which being fub- 

a 1 

ftraded, in like manner, from i— ~ the Probabi- 
lity of b and c both falling out of their Places, without far- 

^ O J 

ther Reftridion, leaves i — for 

the Probability that c and or any other 3 afligned 
Letters fhall all happen out of their Places. And therefore 
if a fhould firft happen to be taken, as there would then be 
only n — i Letters left, the Probability that by c and d would 

all happen out of their Places is i — 1 x n-^- — 

: this, therefore, multiplied by L the Proba- 

w— ixw— ax»— 3’ ’ r , J 7 

bility 
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bility of taking a firft, will be the Probability that a ihall 
happen in its Place, and by c and d all out of their Places ; 
whence by fubftradling, as above, the Probability of by c 
and dy or any other 4 affigned Letters, falling all out of 


their Places appears to be i — - -f 


+ 


+ 


n ' n%n — i ’ — ix « — 2 

^ ■ — : And from hence the Manner of the 

— I x» — 2X» — 3 

Procefs, and Law of Continuation are manifeft *, the Numera- 
tors being the Uncise of the Power of a Binomial whole Ex- 
ponent is equal to the Number of Letters excluded their 
Places; and the Denominators i, », »x» — i, «x« — ix>» — 2 , 

SCc. And therefore the Probability that all the m affigned 

• _ m — I 

wx 

fn 2 

ones Ihall happen out of their Places is i f- 

^ « «x»—i 


m — I m—2 
tny. X 


4 


w— I «?-^2 m — X 

WX X X 

2 .3 4 


(«r+0 : But the 


«X» — IX » — 2 ’ «X« — IX» — 2X » — j 

Probability of any f affigned Letters, as by c, 5Cc. falling in 


their Places is 


( by Trob, II. ) ; and if 


n%n — ix«— 2 (/>) 
thclc Letters fliould be firft fo taken, the Probabi- 
lity then of m other affigned ones falling all out 

m — I 
wx 


m 


of their Places, wHI be i —4 

«—^x« — I 


m — I m — 2 

wx X 


: 2 per dhovCy the Number 

/x«— ^ — ix«— 2 ' ' X > V 

of Letters here becoming «— /) : Therefore 


/;x»— ix «-— 2 {p) 


10 . 
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m , 
in. I “4 


wx- 


m — I 


rn — I m — i 

•m'l^ X 


n—yn — ^x«— ^ — i n — ^ x n — ^ — i x w — y — a 
(w+i) muft confcquently be the Value. Qj^E. I. 

COROLLARY I. 

I F n—f be =«?, or, the f afligned Letters be propoled 
to be taken in, and all the reft out of, their Places, the 

Probability becomes 


«x;/ 


— IXW-— 2 (/) 


• I ^ ^ I 

in 1 — 1 4 h 

1 2.3 


2.3.4 


- («^ 4 " 0 i 'vhich, when m is a large Number, is equal to 
1 


o.^^) 7 S 78 , 

7— : very nearly. 

wx«— ix;/— 2x«— 3x;/— 4 ' 

COROLLARY II. 

Ira given Number f be to be taken in their Places, and 

the reft out of their Places, without farther Reftridion, then 

« 

the Probability of taking any f afligned ones in their Places, 
and the reft otherwile, being (/>) in i — 1 4-- — 

— — J — («?4"0i manifeft, that as many different 

2*3 ^‘ 3*4 

Ways as f Things can be afligned, or taken in n Things, 
which is ?/x — — (/)j ^ many times ought the faid 
Quantity be repeated to give the Probability in this Cafe \ 
which therefore will be 


I- 1 - 3-4 (?) 


1 • * 

in. I — 14-- 


2. 


2.5.4 


. ^ , . 1 0.31^7878 , 

(w4-i); or, when m is large = — nearly. 

1. 2.3. 4. j {y) 

COROLLARY III. 

Hence if h be put =0.367878, and f be taken = o, 
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i, 3, &Cc. fucceflively, the laid Probability, will, it is evident, 
h * h h 

^become — , , &c. rcipedively equal to the Pro- 

1 2.3 2.3«q- 

bability of taking precifely 0,1, 2, 3, 6Cc. Letters according 
to their Places; wherefore if h-\rh-\-i (p) be fubft ratted from 

Unity the Remainder i — -|-i 4 “£+-~ 


«x« — ix » — 2 (p) 


in. I — i-f 


2 2.3 

I 


(w+i), (as in Cor. 1 .) 


will become i — i + - “ ~ — I — ~ — ’ — ^nd thcrc- 

2 2.3 2.3.4 i- 3 - 4-5 lio 

fore as all the Changes on 5 Bells are 1 20, the required Num- 
ber will be 44; 

EXAMPLE IT. 

A Pcrlbn holding 2 Packs of Cards, draws one out of one 
Pack, and another out of the other, and puts them together, 
and does the like by 2 others, 6Cc. repeating the Operation 
till all the Cards are exhaufted ; What is the Odds that the 
Cards in one or more of thofe Couples ihall be found the lame ? 

■ In this Cafe, the Number (32) of Things being large, 
0.367878 will, either by Cor. I. or III. be the Probability 
that the Cards in no one Couple fhall be the fame : Therefore 
as 0.632122 is to 0.367878, fb is the required Odds that 

the Cards in one or more of the Couples fhall be the fame. 

L P R O B- 
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— (P) will be 
2.3 • 2.3.4 

the Probability, very nearly, that'/>, or a greater Number of 
Letters, fall according to their Places in the firft Order. 

E X A M P LEI. 

Let it be required to find how many Changes can be rung 
on 5 Bells, without any one ftriking in its own proper Place. 
Here becaufe p is'=o, «=5,- and w=5, the Probability 
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PROBLEM XVII. 

^Upfojing a given Number (r) of each of federal Sorts of 
Things^ as aaa^ bhb^ ccc, ddd^ ^^^yfffy to be fut to^ 
gether in Order^ and afterwards drawn one by one at a Ven* 
ture^ and laid down in the Order they are taken \ To find the 
Trobability that any (f) ajfigned Sorts Jhall haffen to have 
the fame T laces in the fecond as in the firft Order^ and (m) 
other ajfigned SortSy at the fame timCy different T laces from 
what they have in that Order, 

SOLUTION. 

This Problem is I blved by the fame Method of Realbning 
as the foregoing \ for if n be put = the total Number of 
Things of ail Sorts, and 1X2X3X4X5 (r) =j, it is evident, 

from Prob. III. that r-r will be the Probabili** 

«x» — ix»— 2 (r) 

ty that all the a*s are taken firft ; and therefore that of the 
contrary, or the Probability that all the Things of any af» 
figned Sort fhall not happen as they are in the firft Order,. 

muft be I TT* Therefore if the a's fhould be all 


»x» — I (r)* 

taken firft, as there would be then onIy«—r Things left, the 
Probability that the b*^s would not, all, come out next, or fall 

in their Place., muft, it is evident, be i 


n — rx« — r — i (r)’ 


wherefore this multiplied by > as exprefs’d above, 

s s^ 

gives 7-r 7 — V for the Probability that the 

^ «x« — i (r) »x» — I (2r) ^ 

r firft taken fhaU be all a's, and the r next not all b*s ^ and 
this fiibftradcd from i — ^ the Probability that the 

b’^s 
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Vs fliall not all be taken, without any Reftii^Uon whether the 

be, orbenot,firfttaken,leayesi- ^^^l -- ^ - ^ + — 

s= the Probability that neither the a* s nor 1 / s fliall come out 
according to their Places ; whence, by repeating the Opera- 
tion in the lame Manner as in the laft Problem, the required 

Probability will appear to be — in. i — 

^ n^n — ix» — 2 (^) 

m — I 

/wx ss 

^ ^ ,, 6CC. 

n—rfy^n—r^—i n—rfy^n—rf—i ’ 

Where, if r be taken =i, r will be =i, and the Solution 

the fame as the aforegoing. 


PROBLEM XVIII. 

^T^HREE Rerfons A, B, and Q* throw in their Turns a 
Solid having ( f) regular Faces^ and he who JirJl haf- 
fens to bring uf an ajjigned Face is thereon to be intitled to a 
certain Benefit ; Required the feverdl Probabilities of ob- 
taining it, 

SOLUTION. 

Let the Value of the Benefit or Thing expeSed be de- 
noted by Unity : Then fince {by Cor, to Prob, IJ the Proba- 
bility that the alligned Face lhall fail n — i Throws fucceffiye- 


ly, and come up the next after, is 


t 

f 


I 


I 


this Quantity, 


it is manifeft, will alfb exprefs the Expectation on the Throw 
whole Number, from the Beginning, is denoted by n : There- 
fore in order to find the total Expectation of as the i ff, 
4th and 7th, fiCc. Throws pertain to him, let n be expound- 
ed by i, 7, II, 6Cc. fucceflivcly j then the above Expref. 

lion 


■'44 


• ' N AT 17 R E arid 


f * 


''' ' ' ■■' I 7 ^^ ■ ' 

fion will become rel^dlvrely^ and the 

Sum of thefe wiU' be the firfl: Value fought. In- like Manner, 
if « be expounded by 2,. 5, 8, 6Cc. and 3, 6 y ^ &Cc. the total 
Expedations, or Probabilities,-, of JB and C will- come out 

refpedively : But^as thefe 3 Values are infinite Series whole 
Terms arc in geometrical Progrefllon, they may beyeryeafily 

fummed, being equal tt y , ^ |„ 

rel^dively; which are the Numbers- that were required' to 
be found. But the Solution in any Cale may be more eafily 
had by confidering that the Expectations of Cy &c. on 

their firft Throws are to one another as their total Expe^ati- 
bns ; for then by taking as many Terms pf the Progreflion i, 

f f ’ ' 1 * ^ 1 1 ^ 

Players concerned, and 

dividing each of them. by the whole Sum, the feveral Quo- 
tients will be refpeCtively equal to the required Probabilities, 


PROBLEM XIX. 

^^TVO GameJierSy Kand B, 'Ji'hofe Chances for 'u>hm'mgany 
ajjigned Game are in the groen Ratio of (a) to (b)y en» 
icr into Tlay on this Condition • That A at the Beginning of 
every Game pall fet the Sum (e) to the Sim (f)y and that 
the Tlay pall lafl as long, as he continues to vsin ^sjithout In^ 
termipou'y *Tts required to fnd the Gain or Advantage- 
of K. 

^ « * 

SOLUTION. 

Since ' the Expectation of A on any Game, when it comes 

to 




Laws of CHANCE. 4 r 

to be play’d is W Stake be deduced there^ « 

cif' hs 

from, the Remainder will confequently ' be his Gain ; 

Therefore the Advantage or Gain on any Game, whole Num- 
ber from the Beginning is denoted by », to be computed be- 
fore the Play begins, muft be compounded of the laid Gain 

and the Probability that the Play will not be ended 

* 

before that Game comes to be decided: that is, of 

and -s*=>r^ the Probability of his winning all the preced- - 

ing n — I Games : Wherefore if n be taken equal to i, a, 3, 4,^ 

&c. fuccclfivcly, welhall have i,— --- - 

^3=s== , 5 Cc. for the Gain on the ift, ad, 3d and 4th Games, ^ 
a-\-b\ 

6Cc. refpcdivcly; /. that Progrelhon, infinitely continued,. 
af-^be :f , a , a* , a? <i^^f n. 

or — TTT *+TrT^+*^f7r»+’==T==Tuj muft- 

a-\-b ' a-^b a-\-b\ a-\-b\ v ' 

be the true Value. Q^E. I. 

• / 

P R O B L E M XX. 

A and B, whofe Chances for winning any fingle Game are 
in *Trofortion as (a) to (b)^ the former having ( f) and the 
latter (q)^ Stakes^ are determined to flay together 'till one of 
•them has lofi all\ To. find their rejpehtive Trobdhtlities of, 
winnings with the Gam or^ Advantage of A, 

SOLUTION. 

Let the Expectation of A, when he has any given Num-^ 

I)er y of Stakes in Pofieffidn, be exprefs’d and when • 

he has one Stake more, or^+i, fuppofe his Expectation to 

bq increafed by R, or to become and when lie has 

M yet 
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yet one more, orjH-2, let this laft Expc£laiion be increal^ 
by 6Cc. bCc. Now when he has^-fi Stakes, he mull 
after one Game have either^ or^-r 2 Stakes \ if he wins that 
Game he mull have 2, and his Expcclation will then be 

therefore multiply’d by the Probabili- 
ty of winning, gives his Expedation, in 

Cafe of winning, while the Event remains yet undetermined. 
If he loles the Game, he will have only_y Stakes, and his Ex- 

pedation will then be this niultiply’d by the Pro- 

bability oflofing, gives for the Expedation, in Cafe of 

lofing: But it is manifell, that ^ Tt~ . ^ the Sum 

of thole two, mud be equal to .^ 4 *^, his total Expedation 
in this Circumftance ; whence by Redudion we have Sa=^Rb^ 
or, R to 2e% a X.Q b\ and hence it appears that the Values 
of the aforelaid Increments, /?, 6*, SCc. are fuch, that 
any one of them is to that which immediately fuccecds it, in 
the given Ratio of a to b\ and therefore mud conditute a 
Scries of Terms in geometrical Progreffion, of which, the 
common Ratio is > Wherefore, let 7 be taken =0 \ then 

will (/), or its equal (/), it is 

manifed, be the total Expedation of A in the propofM Cir- 

cumdance \ and for the fame Reafon JR -f ^ (/ +^) 

will be his Expedation, when he has Stakes in PoUedion ; 
but this by the Quedion is = ^ 4- ^ • wherefore R equal 


P~\~^ 




which fubdituted indead thereof in 


the 
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the other ExprefTion gives in. r — tt — ri 

=s=^4-^x^ the Expedation of ^ in the pro- 

polM Ciramiftance ; which fubftraded from'f + f leaves 
,p a — b 


4-7 


^or that of B j therefore the Gain of ^ 

a — b 

p ^ 

is ^f’\-}:*-\‘q^^^~pp^ — FfT’ Ratio of the Probabi- 

a — b.. 

litiej of winning zsa^a to / x^^—^^,Tefpcdively.Q^E.I. 


COROLLARY!. 

When a is *=^, then 1?+—+^+^ {P) will be 
j and the Odds dirc£lly as the Stakes to lole. 

COROLLARY II. 


If /= y, ^then will a to ^ become as 

to for. the Odds in this Cafo. 

C O R O L L A RY III. 

When b is confiderably fmaller than and f and q large 

Numbers, b and b will be inconfiderablc in relpe6l of a 
and a : and therefore in that Cafo the Odds will be as a to 
^ , or as I to nearly. 

I ' 

EXAMPLE. 

Suppose B to be throwing with a Dice> and. every time 

that 
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that 2 Aces come up, A to give him i Guinea, and every 
time that ah Ace and Duce, B to give A one, and that they 
agree to continue to play on in this Manner till one of them 
is a Winner of 100 Guineas; To find the Expedation of 
each, and the Advantage or Gain of A by this Agreement. 

Becaule there are 2 Chances for an Ace and Duce, and only 
1 for 2 Aces, a will here =2, and ^=1, and therefore the 
Odds {by Cor. II.) as 2'% to 1 or as 

1267000000000000000000000000000, to I nearly; whence 


200x2 


the Expedation of A will be -, and that of By • 

' 2 I 2 4 ^ 


which is not 


■ Part of a Farthing: 

1 000000000000000, 6Cc. ° 

therefore the Gain of -^is 100 Guineas lelTened by that finall 
Quantity. 

PROBLEM XXr. 

'^JVO CamefterSy A and B, are at. Tlay. together y and the 
latter haloing loJI (f) StakeSy ' is determined not to give 
outy till he has won them again \ % find the Probability that 
he never effebls his Pejireyfuffojtng the Tlay to continue 
without Litkitatwn 'y his-Numher of dhances (b) for winning 
any ajjigned Game being lefs tkak (a) that for the contr'Ory. '^ 


SOLUTION. 

: . s , 

I r appears by the laft Problem, that the Odds of As win- 

ning q Stakes before he lofes f Stakes will be as a^^a to 

h — !j : Therefore, becaufe By if he ever wins .his/> Stakes 
again, muft do it before he is a Lofer of nn infinite Number 
of other Stakes, let q ki the aboVe Proportion be fuppofed 
infinite, then it wiU fliew the Odds in this ‘Gale; but 5hen 

' ' as 
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f.. f 


as will bear no Comparifon with ^ , it will be as dr%a — b ^ 
to/xtf^, that is, as^^ — ; therefore the required Pro- 
bability is I— 

* • * ' 

PROBLEM XXII. 

find the Chances that there are for Throwing freclfely 
any Number of Joints (/>), with any Number of Dice 
(n\ each Die halving a given Number (f) of Faces, 

SOLUTION.* 


First, let there be a Set of Dice, having each />, or a 

greater Number of Faces ; then the Chances for /», and all its 

inferior Numbers, on « fuch Dice, will be equal to the Chances 

for throwing Points precifely with «+i of the fame 

Dice ; fince it is evident that with all the Chances for jp oh 

the n firft Dice, the Ace of the new added Die may be com- 

» * 

bined, and with all the Chances for ^ — i the Duce of the 
lame, 6Cc. And therefore i^ in the annexed Scheme, i, 2, 
3, or 4, 6Cc. be put to denote the Number of Dice, and f — 2. 
/>— I, or/^+i, 6Cc. the Number of Points, and the Quan- 
^^ities in the Interfedioii of the Columns be the Chances for 
throwing the laid Points with thole Dice ; that is, if for 

throwing i Points with 3 Dice the Chances be for f 
Points with 4 Dice, Z), 5 Cc. 8Cc, 
it is manifeft, that B will = 

L 'I 111 * „ 

6Cc. D^=-C-\-' 

C’+C’ 6Cc. D=6'-f ( 7 , 2<c. and 
therefore D — D^G, and con- 

I 

fcqucntly, for the lame Realbn, 



«lal5l4lS|6|7 

AfC. 

See. 1 &c. 1 Sec. 1 Sec. \ Sec. | Sec. | Sec. 

p-1 

Jl. 

il 
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II 

G 
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1 
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^ — i^==Z?^ Fj-^F=^E^'Kci &ic. .Wherefore it appear^^th^the 

.Values of i?, Cj 6Cc. are fuch j that increafing />: by Unity they 
will be augmented by i, F, £Cc. Whence by the Method 
of Increments thole Values are cafily had equal to f — i, 

^ ^ ‘ gCc. rel^£l:ively. There- 

, 12 12 3 / ^ ^ 

fore, it is manifeft, that the Number of* Chances for throw- 
ing f Points precilely with n fuch Dice will be 

j -- (« — 1 )» • But now in order to find the required 

Value from hence, let the Chances exprels’d by this Series be 
called Sy and any one affigned Die A, another. 2?, a third Gj 
6Cc. and fuppofe the Points on each Face where the Number 
is greater than f to be. red, and^the reft black ones \ and, for 
the Sake of Perlpiciiity, let. the- red or black Faces of any 
Die, be called, the red or black Part of that Die ; This being 
premiled, it is evident that the Chances for f Points precilcly 
.with n of thefe Dice, fo as to have the red Part of the Die 
Ay always upwards, will be exa<ftly equal to the Chances on 
the fkne.Dice for f—f, without any Reftridicn. For let ihc 
Points on each red Face of that Die be conceived to be di- 
minilhcd by/J then as one or other of the Faces fb diminilh- 
cd is, in this Cale^ always upwards, the Number of Chances 
for f before fuch Diminution will conlequently be equal to 
the Chances for f-^j after it, that is, if /— / be put 

equal to ^ — 0 W juft now been *' 

determined. And from the fame way of Rcafoning it is 
plain that the Number o^ Chances for f Points, fo as to 
have the red Parts both of A and B always upwards, is 

— — -X— ^x— i) : And for throwing the fame Points, 

lb 
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foafftp haye the red Part^ of and ( 7 , upward^ 

i) 6 ?g. fy Sy ty ftCe. • being equal to 

jp— if^ 2 — ^fy ^ — ^fy 2Cc. refpedivcly. Now let thele Quan- 
. <7—1 q—i ^—3 1 . X r— I r— a r— 3 . ' . - 

I 1 3 '^12 3 ' 

be re^e^ively denoted^ by Gy H’y J, Ky &g. A-nd let the 
enhances rh Sy where the red Part of ^ is up alone without other 
ird ones, be called ^ ; thofe, where the red Farts of A and 
JBare bp together without others, of the ^me Colour, h thol^ 
.where the red Parts, of and 6" are all up together with- 
out other red ones, /, &Ce. &C(^ Then,, it is evident, that^ is 
alfb the Number of Chances for having the red Part of B 
alone,, or of G alone, 6Cc. and therefore all the Chances in S 
for having one red Face precifely will be ng ; Alfq as h is the 
Chances’ wherein either A Gy A Dy B Gy or G Z), &c. 
arc red, and the reft black ; and becaulc thele, the Combina- 

tions of n Things taken 2 by 2, are in Number =»x— 

the Chances in Sy w'ith 2 red Faces precifely, in each, will 

therefore be »x h y and farthcrmorc, fince the Number 

of Combinations of n Things taken 3 by 3, 4 by 4, 2 Cc. is 

>ifx ”^^ x- — ^,and«x^ — fitc. it follows that 
2 3 ^ . 3 4 

the Sum of all the Chances in * 9 , with one or more red Faces> 

m each, will be »x^^ — 5 Cc. which 




2 .23 

fubftradled from < 9 , the. whole Number of Chances, leaves 

o « — I / « — I « — i • n — I n — 2 n — ? , 

S~-tiZ — «x h — »x X /— «x X — X 

2 ^ 3 i 3 4 

bCc. for the Number of Chances with black Points alone 

which is manifeftly equal to the Number fought. But now 

to get rid of gy by 6Cc. let be the Chances in *9 that arc 

made 
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made with the red Parts of any Number a of afCgned Dice, 
as Ay By Cy &ic, without other Parts of the.lame Colour;, or, 
which is the lame, let ^ denote any one of the laid Quanti- 
ties gy hy &cc. and let f denote the Chances in «S, having in 
each of them, allb, preciiely a red Parts, but only a given 
•Number c of them affigned ones, the other a^c being varied as 
often as polBble; then as the Number ofDiceorPartsto be thus 
varied, or combined, is n — r, the Number of fuch Combina- 
tions will be - — ^ (^— c), by Trob^ III. 
And therefore the Number of Chances in the latter of thefc 
2 Calcs, juft j ^ ^ — 0 tinies as great as 

1 . r r CD oi • n—c^i n—c — '2 

that in the former, or, T=<^ in. x x 

(a — c).. Now taking c=i, and a equal to i, 2, 3, 4, fiCc. 
lucccffively, becomes gy by /, by 8Cc. and T equal to gy . 

by relpe£lively ; 

therefore as thcle Quantities rcfpe£lively Ihew the Chances 
in Sy having the red Part of A alone, or with i other, or 2 
others, SCc. preciiely, their Sum muft conlequently be equal 
to Gy all the Chances in S with the red Part of A ; and there- 
fore SCc. In like Manner by 

taking c=2, and a=2, 3, 4, &c. fuccellively, £Cc. we have 

by 6CC. b^^ X 


«— 4 


/, SCc. Whence by fubftituting thefe Values one by one in 


,5— abovc found, we 

have <S— «G+«x H— «x x 7-f 

^ 3 ^ 

+ 
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Ky SCc. where by refuming the known Values of 5 , G, 




Hy 6Cc. there will be 

-r j 23'^^ 

—2 x2 ^ («— !) m. » 

123 

, r— I r — 2 '*-“3/ 

X X — - (ft — i) in. »x 


s — I s — 2 s — 3. V. n — I ft — 2 

X X (ft — i) in. »x X 


2 


125'' 2 

6Cc. where ^ is =^—fy r=-/> — ^ s=^f — ^fy 6Cc. 
and the Number of Series to be continued till Ibme one Fac- 
tor becomes Nothing or Negative. K I. 


/ 


COROLLARY. 

Hence the Chances for not coming up a greater Number 
of Points than f at any afligncd Throw is very readily 
determined, being equal to 

— 5 ^x ^ — - (n) 


-^x2L^xL^ (ft) in ft 


r — I r — 2 . V . ft — T 

rx X (ft) in nx 

23''^ 2 

6Cc. &c. 


EXAMPLE T. 

Let it be required to find the Odds that a Perfon at the 
firft Throw with 2 common Dice does not throw juft 8 Points ; 
then f being = 5 , />=8, and«=2, the general Exprellion be- 
comes =7 — 2=5= the Number of Chances for 8 Points, 

O which 
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which therefore taken from 6‘, the whole Number of all the 
Chances, leaves 3 1 Chances for the contrary \ whence the re- 
quired Odds is as 31 to 5. . 

* liuinocr e^~ 

Note, When theTotnts frofofeti to be throvjn^ according to 
the Troblem^ is nearer to the great eji Number that can be 
hady than the leajly it 'will be convenient to ufe hijlcad 
thereof that Number y as far diflant from the lejfcr Ex- 
treme y as it is from the greater y the Chances for both being 
manifeftly the fame, 

EXAMPLE II. 

How many Chances are thereto have 50 Points, precifely, 
on 10 Dice ? Here 20 being as much greater than one Ex- 
treme (10) as 50 is exceeded by the other (^o), we ftiall have 
f=20y n=iiOy f=6y ^ = I ^y r=Sy s = 2 'y Hod thcrcforo 
fX-X-X-X - X^x-x-^x- 1 

the Number that was to be found. 


EXAMPLE III. 

What is the Odds that at the firft Throw with lo Dice 
there ihallcomc up more than 15 Points? Here taking// =10, 
f= 6 y /'=i5, and fubftituting thelc Values in the fecond ge- 
neral Expreflion, we fhall have 3003 for the Number of 
Chances by which 1 5 Points and all its inferior Numbers may 
happen^ this taken from" 60466 1 76=^'° the whole Number 
of Chances leaves 60463173 ^ therefore as 60463173 to 3003, 
fo arc the Odds. 


A 

t 
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A Table exhibiting the Chances by which any Number of 
Paints may be precifely had with lo common Dice. - 


points. 

Chanew' 

Points. 

Chants. 

Points. 

Chancs. 

Points. 

. Chancs. 

10.60 

1 

17 • 53 

11340 

24 . 4O 


31 • 39 

3393610 

II . 59 

10 

18 . 52 

23760 

25 • 45 

831204 

32 . 3 ^ 

3801535 

12 . 5« 

55 

19 . 51 

46420 

26 . 44 

1151370 

33 • 37 

4121260 

13 • 57 

220 

20 . 50 

85228 

27 • 43 

'535040 

34 - 3 ^ 

4325310 

14 . 56 

7»5 

21 . 49 

147940 

28 . 42 

1972630 

35 • 35 

4395456 

15 • 55 

2002 

22 . 48 

243925 

29 . 41 

2446300 

Total of ail the Chances 

1 6 . 54 

4995 

2^ • 47 

^8^470 

30 . 4012930455 

bcing*^*^ 

:=s6o^66 1 7^«. 


PROBLEM XXIII. 

*~r^HERE is a Solid Joa'viug (m) Jimilar and equal Faces, 
"jjhereof (f) are marked A', (q) of them, r, C, 
JVhat is the Probability that in throwing uf a given Number 
(fi)‘ of filch Solids there pall a rife a given Number (h) of af 
pgned Sorts of Faces, as A, B, C, 


SOLUTION. 

- The Probability that no A fhall come up being 

.m 

(by Prob, I.) that of the contrary mufl be — — ^ ; and 

therefore as the whole Number of Chances is m”, that for 
having one or more A upwards will conlequently be rh " — 
m—f”', that is, there 2Xo,m” —m—]f different Ways by which 
the Faces of the Solids may be varied to have one A or more 
up at each Variation. Therefore if all the Faces marked B be 
now reftrained from coming up, then there being only m — q 
Faces that can arife, the laft Expreflion will (by fubftituting 
m — q infteadof m), it is evident, become m — q\ 
equal to all the Variations that can poflibly be made to have 

A 
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^ Up, when B is rcftraincd from appearing ;>which therefore 

^ ^ ^ .V 0^ A 

having 


^ being fubftraded from the 

A up, without any Reftri£tion upon Icayes 




m 


m- 


■ — + «? — f — ” for the Number of Chances to 

have both A and B upwards; fince it is fclf evident that in 
all the faid Variations for A^ either B muft, or muft not, be 
upwards. In like Manner, if the C*s be all reftrained from 
coming upwards, niy the Number of Faces in each Sedid, may 
conceived to be reduced to m — r, and then the laft Expref. 

lion will become ^ ^ n" for the 


■"/I 


r ' I . \ 

^ \n+m--P—q—ri 

m — q — r| ^ ^ 


Number of Variations that can be made with A and B up, 
when C is reftrained from appearing ; Wherefore this taken 

from nf— 


^^-3 „ 4 - m —p— q'^y as found above, muft leave 
m—q ^ ^ ^ 



m—jA” 


m—f—qX 


7/i ” — 

m — q^ 

+ 


-—m—f — q 


n 

m — ri 


m — q — rX 



ber of different Ways by which Ay B and C may be all up- 
wards. By the lame Method of Realbning the Chances for 
having Ay By C and D all upwards will be found 






m — p — q\ 


m—\X 


m-p-rV 


m — p — q — r 1 

rn — 

4 - 

m — p — s r 


m — p — q — sY 

m — r\ 

m — q — 


m — p — r — Jj" 

m — 


tn — q^^sl 


R - 
«-» 

1 

1 

! 

iS 



m — r — s\ 



— P'—f^r — /)' 


Whence the Law of Continuation is manifeft. Wherefore 
dividing the Quantity thus refulting by w", the whole Num- 
ber of Chinees, the Quotient, it is manifeft, will be the Pro- 
bability required. COR 
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COROLLARY. I. 

Wherefore, when r, 8Cc. are equal to one another, 
the Number of Chances in the laft Cafe will, it is evident, 
become rtf — -\-6 x m — ifY — 4X w? — — 4/1”; 
where the Uncise are thofe of a Binomial raifcd to the Power 
whofe Index is equal to the Number of Sorts Cy Z), 

whole Chances for happening, all, upwards are exhibited by 
that Expreflion; and the like appears in any other Calc. 
Therefore when /, r, 6Cc. are as above l^cified, 

Vi” — h^m—^ x m— 3/i" 

j— — . ___ 

6Cc. mull conlequently be the Value propofed to be found. 

COROLLARY II. 

Because when m is a large, and f a fmall Number, the 
Quantities m”y /I", m — a/T, SCc. are nearly in a geome- 

trical Progrellion, or equal to w”, w— "> > SCc. re- 

l^divcly, the above Expreffion, in this Cale, will be nearly 

m” — — -x - — , 6Cc. 
equal to — = I — « X 

I I f— ^1^", 6Cc. or, that 

Power of the Binomial i — i — whole Index is Z, that is = 
j and therefore if the required Probability be de- 
noted by y, in this Calc T will ?= i — i very nearly : 

Whence i -"-if, i — £l" = i — ^ \ and n = 

P =5 


SI 
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I 

^ in hyp. Log, nearly ; by which, if The given, 
» may be obtained. 


E X A M P L E I. 

One with i common Dice undertakes to throw both the 
Numbers 5 and 7 at 3 Tryals^ What are the Odds againft 
him? Here if we luppofe a Die, or Solid, having Faces, 
whereof 4 are marked and 6 B; it is manifelt that the 
Probability of throwing both and ^ in 3 Throws with that 
Solid, is the fame as that of throwing both the Numbers 5 
and 7 at 3 Tryals with a common Dice ; Wherefore, according 
to th e gene ral Theorem we have/»==3^,/=4, «=3^and 






i 3 >_ „ 

m" rp’ 


whence the 


Odds is as 25)3 to 31. . 

EXAMPLE 


II, 


Let it be required to find the Probability that a Perfbn 
in thtowing 6 common Dice lhali bring up the Ace, Ducc 
and Tray. 

In this Cafe, n is =“6, /'=i> 2 Cc. 

Therefore (by Cor. I.) ^ ^ ^ — - =}^ will be the 

Value fought,. 

EXAMPLE III. 

. • > 

To. find in how many Throws with a fingle Die one may 

undertake to throw all the 6 FaceS. 

By comparing thisCale with Cor. II. we have «=i, m^ 6 y 

h = 6 ^ T=={, and* («) the required Number equal 

// J PROS. 

Log, I—: 
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PROBLEM XXIV. 

find the Trobahtlky that a fropofed Event fihall happen 
a given Number of Ttme^ (p) without Intermijfion in a 
given Number (n) of Tryals, » 

SOLUTION. 

Let r be the Probability of Happenirtg of the prbpoled 
Event at any afCgned Tryal, and m that of the contrary ; and 
upon the Happening of the faid Event ^ Times luccellhxly, 
let a Perfbn, B, receive a certain Sum S: Then will the Pro- 
bability of receiving that Sum at the End of an afligned 
Number of Tryals be compounded of 3 others j as, firft, The 
Probability of Happening of the propofed Event p Times' in 
lb many Tryals : Second, That of its Failing the Time im- 
mediately preceding tliole Tryals : And, laftly. That of his 
not having received it before that Time. For if the firft fuc- 
ceed not, the Thing is manifeftly impofliblc ; if the lecond 
prove contrary, he muH either not receive it at all, or at the 

End of fomc of the preceding Tryals ; and, laftly, when he 

* * ' • 

has once received it, there can be nofartlier Probability of 
obtaining it from any future Tryal. - • 

Therefore, as the Probability of the propolt-d Events 
failing any- one affigned Ttyal, and then Iiappcning p 
Times widiout IntermxIEon, is wxr',' (by'"Trob. if r' be 
put =a, and wxr'=:v, we Ihall have x equal to the Proba- 
bility of his receiving the laid Sum at the End of 

/.-|-3 or p-]rp Tryab, bccaule, it is maniEefl-, the 

Uft of the aforenamed Probabilities docs not ta he Place till 
after the 2p firft Tryals: But the Manner how each Value 
is derived from the preccding^jgn^s, and the Relation they 

bear 
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bear to one another, will appear better by help of the follow-^ 
ing Scheme \ ^Yhcrein the f^ond Column towards the left 
j.Hand ihews the Probability of receiving that Sum at the 
;End of a given Number of Tryals reprefented by the firft; 
and the third, the Probability that he receives it Ibme time 
in thofe Tryals. Each Line, or Exprellion, of the fecond 
Column being formed by drawing x into the Excels of Unity 
labove the Value of that Line of the third Column, whole 
,Diftance, or Place above the Line fo formed, is denoted by 
according to the Realbns above fpecified, this laft 
Column being generated by a continual Addition of the Terms 
of the former. 


Tryals. 

Probability. 

Probability. 

{ 

a 

a 


X 

a-\-x 


X 

a^^x 

6Cc. 

X 

&Cc. 

If 

X 

a-\-fx 

2f+l 

XXI — a 

a — ^x-f-/+ ixx 

XXI — a — X 

a — iax'-\-f‘\- 2 xx — x‘ 

XXI — a — ax 

a — 3 ^x-f/ 4 * 3 x-X’ — 

XXI — a — 3X 

a — 4/jx-4-/^+4xx — 6 x* 

3 / 

XXI — a—f — I XX 

a-^fax-\- a/x—/>x? — i.v* 


Now from having proceeded thus far, the Law of Continuati- 
on is manifeft \ The Value of the 3d Col. or the required Pro- 
bability, in any Cafe (where n is not Ids than f) being a in 

1— - 
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ui im luf • * T » 9 

n . 'M « — I . n — I n — 2 , , n — i n — a « — q 

I —//x'+tfx ;c*~ n X x at*+«x x x ^ 

2 23234 

II III im wt 

I u f/— I m .2 , 1 «— 2 

&Cc. Plus — «x ;r 4 -«x — «x 

’ 13 13 

m 

«— 2 ' * III . 

■ — 5 Cc. where « is put »=;/ — 2/, «==«— -3/, 5 Cc. 

E. I. 

EXAMPLE I. 


LET.it be required to throw a propofed Chance 3 times 
without Intermiflion in 10 Tryalsj when the Odds for its 

r 

happening any afligned Tryal is as 2 to i : Then taking r= 

f=i, «=io; we have »=;, »=4, <*=.7, 

x=h, and therefore gx 1— g+S— ^ Proba- 

bility in this Cafe. 

E X A M P L E II. 


. In 200 Throws with a fingle Die, what is the Odds that 
the Ace docs not come up 8 Times fucceflively ? Here r be- 
ing = 5, = » = 200, our Series become 

Kc. =.oooo^644a 


• nearly; which fubllraded from i, leaves .5>pp^033j58 ; there- 
fore the required Odds will be as .^^^^03, ^c, to .oooopd^442, 
or as, 1 0356 to I nearly. 


Note. Tho* to have the jinfwer accurately true^ both the 
Series ought to be continued till they terminatey or feme 
, of the Falfors become Negative ; yet if a near Ap- 
proximation be only wanted a few of the firjl Terms may 

■ 0. 


I 
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fufficCy as in the laji ExaynfUy where by taking only ^ 
Terms of each Series, the true Solution is exhibited to lefs 
than Tart of the U'loole, 

P R O B L E M XXV. 


.• A and B, wisofe Trefortion of Skill, or Chance for whu 
ning any ajjigned Game, is as (a) to (b), agree to flay to^ 
gether, till the former is a Winner of (f) Stakes, or ihelat^ 
ter of (q) Stakes', To find the Trobability, that the Tlay be* 
tween them ends in a given Number (H) of Games^ 

si • 

solution. 


Case I. Let and ^=2; Then the required Value 


will be I 


Tab\ 




- when » is an even Number, and i — 


n^t 




a-\-&i 


—7 wljen an Odd one. 


«— t 


Case II. Let and q^s Then or i — 


2 




a-\-b i 
•in .this Gale. 


z~y according' as n is odd or even, will be the Value^ 


‘ Case IIL Suffojing^dfidh, or the Chances of the Game* 
fers to he eqiiaL'- From the Binomial i + i raifed to the n 
Power, cut off as many Terms as there are Units in 

and of thele take the q laft, rejed the f prcced* 

ing, take the q next, rejed thef next, 6Cc. till all the Terms 

are exhaufted ; then the Sum of all the Terms thus tafen, 

divided by 2"~‘, will be the Probability of the Play ending 

in 


Laws of CHANCE. 6% 

•in favour of iu the propofed Number of Games, if 
fi — ^ be an odd Number. And if the Terms, of thole cut 
ofl^ whole Diftances from the laft are denoted by o, y, y+Z, 

taken with Signs — and + 
.alternately, and added to twice the above faid Sum, and the 
whole be divided by a", you will have the Probability of the 
lame in the other Cafe when n—f is not an odd Number. 


— p I ^1 * 

Generally, Put — ^ ~ ^ 

firft Terms of a-\-h\ exprefled in a Series be denoted by ; 
the m — q firft, by «S j the m — q—^f firft, by T ; the m — ay— p 

lirft, by 17, 6Cc. Alfo let /= — — ^ and the / laft Terms 

' f - 

of the laid Series be denoted by r \ the I — q laft^ by s ; the 
/ — q—f laft," by r; the / — ay — f laftj by ‘y, SCc. Then 
the Probability of the Play ending in favour of A^ in the 

lA 71 ^ 

given Number of Games, will be R — <Sx~ -\-Tx — —J/x 




a 






rjt 








O' - 


. ,8Cc.+rxT — JX-, +/X-J 


a* 


— ^X-v 

b 


a> 




Cl ' - - 

,SCc. when the W'holc is divided by a-\-bX. And it 

is manifeft, that what is faid in cither of the a laft Cafes 
will hold equally, in relpc(ft to the Play ending in favour of 
if { be changed for y, y for /, b for and a for b. 


COROLLARY. 

If y, the Number of Stakes which A has to lofe, be great- 
er 'than n the Number of Games, then will 6’=o, Ys=q, 6Cc. 

“ ” * rbl 

„and (the gmeral Expreflion =7?-l— which Ihew's the Proba- 
bility that he has of being a Winner of f Stakes in the given 

Number 
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Number of Games, when the Duration of the Play is not re- 
llrained by what he may happen tolole : And this, when n—f 
is an odd Number, and will, it is manifeft, be juft 

double to the Probability that there is of his coming off an 
a£hial Winner of y, or more. Stakes at the end of n Games 5 
fuppofing here, contrary to the Propofition, the Duration of 
the Play to be limited to that Number. 

Note I. That when any Number of Terms ^ to he taken as 
in Cafe the third y is greater than that of the Terms remain^ 
ingy thefe laji muft be ufed inflead of the former. 

Note 2. That the Signs + ^^d — both f refixed to { in any 
Exfrejfiotty are to be ufedy according as thaty or this Jhall 
be found necejjary to make that Exfrejfion a whole 
Number^ 


n — 1 

2 

li^i 


EXAMPLE!. 

Let a^iy ^=1, »=i i, and the Number of Stakes each 

■ ' • I 

5T 

Gamefter has to lole =3 \ then, by Cafe the ad, i- ^ 

will be the Probability that the Play is ended in i i 
Games: But to find the fame, according to Cafe the 3d, from . 
I i/6Cc. (=i + ij") + &c. I 

cut off the 5 (=^ — ^ firft Terms, take the Sum of 

the 3 (y) laft of them, as 55+1^5+330=550, and rejeft 
the reft; and becaufe 8 (==n—f) is not an odd Number, to 
twice this Sum =1100, I add — 330+11, and divide the 
Aggregate by 2”, and there comes out for £ the Value 
fought. 

EX- 
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EXAMPLE II. 

Let y=io, an,d ^==if . From 

&C. cutting off tfie firft % Terms | + ai +aio-f 1*3304- ijp8i4- 
2034 Pt|-j42644-|i^28o, faking their Smm and dividing the 

fame by IT we hare for the Probability 

of the Play ending to the Advantage of in 21 Games. 
And by taking the Sum of the firft € of thole Terms and 

dividing u befi^re, there corner put forthe 

Probability of the iame Thiag happening in Payout 9^ 

but the Sum of thole two is — and therefore the Odds 

' ' 32768’ . 

that the Play is not ended in 21 Games as 32768 — 7073 to 
7073, or nearly as 1 1 to 3. 

E X A M P L P III. 

Suppos* /= 3 > f*=4i Ji, and>^t ; Jthen, ac- 
cording to the 4th Cale^ R will be s=:ia“+i 

i 6 j<a*^-f 33 o^^^> or 2^x i64-8h4’2ao4-33o4“33qis|a8x 
*S=^"=I28xi6, 7 ==o, &c. 

165^^*=! 4 124^04- 1310= /^o, §Cc. and there- 

ecc. 

^ ^ PjobabiUty 

that the Play ends to the Advantage of ^ in 1 1 Games; and 
if to this be added -fliewiqg the UJcejn to i?, 

there will arile lyy^^y the required Probability of the 
Play being ended in u .Games. 


fore 


PR OB- 
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PROBLEM XXVI. 

' A and B, who[e Chances for 'vuhm'wg any fingle Game are 
in Trofortion as (a) to (b)^ enter into Tlay together. What 
is the Probability that A Jhall firji be a Lbferof (q) Stakes^ 
before he is a Winner of (.f) Stakes., and after'ijuards a kVin^ 
ner of (f) Stakes^ and all this in tbefirft (n) Games 

SOLUTION. 

It is found in the laft Problem, that the ProbabiJity which 
A has of being a Winner o^-f Stakes in the propofed Num- 
ber of Games, retaining the fame Conftrudion, is 


R — ^x- 4-^" 6Cc. rx / — jxt fiCc. 
^ a a h b 


a-y-b\ 


• when the Play is 


fuppofed to terminate upon his lofing ^ Stakes, if this fliould 
happen before the';/ Games are expired.* And it appears b)r 
the Corollary to ’the fame^ that the Probability he has of be- 
ing a Winner of thole Stakes, in the lame . Number of 

•Games, when tlic Duration of the Play is not reflrained by 

* ; ' ' • * rrf 

what he may happen to'lofb, is R-\—r~ : Therefore*- by fb 

much as this laft Value exceeds the former, by lb* much, it is 
manifeft, will the Probability be. expreft, that he lliall be 
firft a Lolcr of q Stakes, ^nd afterwards a Winner ofp fuch, 

6x— — i X - 4"^^^ SX 

a a'- a 


or this Excels, which is 
— /x- 


a-\-b\ 


a-\-b\ 


will be the Value. Q^E. T. 


COR- 
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LI 


COROLLA R 'Y. ' 

• • ■ , ' I , , .• ■ , ... 

. ^ . .' • / : j . . ' f ' • 

•'Whzn a is ==^,. the Anfwcr'WiU be more eafily had by 
the following Contradion of the foregoing Method, u e* 
From i + i raifed to the n Power, cut off as many Terms as 

there are Units in ■ * • •■■7-^) ahd{.of))thefe take the'/> 

\ * *’«. 4 ll.'- * • 

Taft, the*^ preceding" ones,' rake the ^'next,‘ rejeft the*^ 

next, &Cc. Then, if be an odd Number, the Sum* of 
all 'the Terms thus taken, divided by 2”~‘, wdlli give the 
Value fought. And, when « — f is an 'even Number, if 'the 
' Terms of thofeTo cut off, whole Diftanccs from V he daft' ^rc 

^ 1 . « 7 * ■» 

denoted by o, p-\~^y taken with Sighs 

and -[-'alternately, and added to twice the faid Sum', and the 

. I • 

whole be divided- by a", the Quotient will be the Valiic 

'Ibught in this Gale.' • c * ' ’ ’ • ' ; -i 

A i > j 

.' E X.A M P L E. ’ • - ' ' r 

« • _ ^ 

Let /=i, ^=3, and 71=24, Frorh i-[-« 4 -^ 

" 6Cc. (=i -hi f) cuting off the firft 7 Terms^ and taking 

the Sum of 'the 5 laft of them, we have i ooo2(!), which di- 
vided by 41514304 (=2 r) gives the required Value. 


PRO BX- E M xxvir. ; 

jN aTarallelopipedon^ whofe S'tdes are to one atiother m 
.the Ratio of^a^ .To find at ho'iu nwiy^Thno'-jiJs any 
ettemay undertake that any given Rlatie^ y 'vL, abyin^iy arifi, 

S O L U T I O N. 

Imagine the given Pafallclopipedon to be circumlcribed 
by a fphcrical Surface, and to be fuftaincd..by a Power ading 

at 
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at its Center of Gravity in the Dkedion of a right Line (landing 
perpendicular to the Horizon ; and while the Center of Gravity 
and that Line are fappofed to remain at Reft, let the Solid, 
together with the ckcumlcribing Surface, be fo moved, that 
the faid perpendicular Line may trace out the Perimeter, or 
limits, of the propofed Plane; Then it will not be di^icult to 
conceive that that Part of the fpherlcal Surlk:e, which will 
be limited by the laterle^icn, or Path d^iribed, by the 
laid Perpendicular, thro' fijch Motion, will be to the whole 
Sui&ce, as the Probabiltcy of the given Plane arifing at any 
aftigned Throw to Unky : It is alio obvious that the Limka 
of the laid Part will be Arcs of 4 great Circles, whole Choeds 
are the Sides of the given Plane. This beii^ premiled ; let 
the Parailelopipedon be now fuppoied at Reft, with its up- 
per or given Plane, E H G F, parallel to the Horizon ; and 
let the great Circles 
E^H,H^G,G/F, ^ 
and F^E be the 
Limits of the 
bovelaid Part of 5 
the fphcrical Sur- 
face, whole Con- 
tent we would 
find ; let allb 2 
other grcatCircles, 

Igy fay hiffc&. the oppofite Arches EE, HG ; and EH, EG> 
and EH and *FG be produced to meet bg Ibme where as in D : 
Then the Angles C, gy and f being all right ones, the 
Sides Day DC, DF will be each po Degrees, and Ca the Mea- 
furc of the Angle aDP, Wherefore, if (720) twice the De- 
grees in the Circle be put to define the Content of the 

whole 
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Nvhole fpherical Surface, Qa or its equal HD^ will cxprels the 

o 

Content of the Triangle ^DC, and — 510, that 

of the Triangle HD^ {as is po'ued in p. 17 c?. of my Book 
of Fluxions.) Whence, by taking the laft of thefc 2 from the 

o 

former, we have — ^HD for the Content of the Fart 

o o 

C^H^C ; wherefore as 720 to 4 times po — ^HD, or as 

o 

180 to the Complement of the Angle ^HD ; fb is the Con- 
tent of the whole Surface, to tliat of the required Part 
EHGFE. Now therefore to determine the faid Comple- 
ment; we have by Plane Trigonometry, As jc, the perpendi- 
cular Diftance of the given Plane from the Center of Gravity 
of the propofod Solid, to Cm {=[h) half one Side of that 
Plane, fo is(i) the Radius of the Tables, to*, the Tangent 
of C^, or HD^ ; and as the laid Half-Diftance is to Cn Qa) 
half the other Side, fo is Radius to the Tangent of Cg, or 
Co-tang, of : Therefore in the Right-Angled Triangle 
HD^ there is given (■) the Tangent of the Angle D, and (') 
the Co-tang, of the Side D^, from whence the Sine of the 

former and Co-fine of the latter will be eafily had , , 


and 


a 


aa-^cct'^ 

b 


- refpe£Uvely, and then, fer Spheric s^ it will be as 


a 


ah 


= the Sine of the 


A • — I I • • ■ - * 

cc-f-^^1'* aa~\~cc^ 

Complement propofod to be found. 

Now therefore let A be put for the Angle whofo Sine is 
- . .. and X for the required Number of Throws; 


then, it follows from what has been laid above, that the 
Probability of the given Plane arifing at any afligned Throw 

will be therefore that of the contrary being i— we 

S ftiaU 
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— L:a 


fliall have i— -g' equal ; and confequently x equal ^ . ^ 7 

180 

or I — ^ nearly. E. I. 


COROLLARY. I. 

When and c are equal, the Parallelopipedon becomes 

a Cube, and the Sine of- 30 Degrees; 

^^+ccx^^-j-cc|* 




therefore in tliatCafe yf=30, and — ^=3.8, 

COROLLARY H. 

If the given Plane {aU) be but £mall in refpe£l of the 

others, then the Sine ■ ■ . being alfb fiuall, will be 

aa-^-CQ^bb-^QC^ 

nearly as A its Correlponding Angle, that is, , 

aa-\-cc^bb-\-cc\ 

o 

will be to 3.1 41, &c. as to 180^ whence A equal 

.. j nearly; which Value being lubfli^ 

3 . 1 4 1 6x 4- + 1 c|* 

, . , N . 2.ax^^4-6cxi^^4-cf> n 

tuted in (then nearly =x) gives ^ lor 

the required Number of Throws in this Cafe, 


LEMMA I. 

rUffoJin% A^ By Cy to be the Coefficients of the Towei' of 
a-\rXy whofe Exfonent is «; or, A-\-Bx-\-Cx^-]rB)x\ ^c. 

To find the Vahe 
Fx^ 

-f- — 2— 7-\> hi finite Tems^ r being 

■^4.3.6 (r)^5.6.7 (r)’ j , > * 

whok 
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whole pojhive Number^ and n any pojiti^e Number^ or 
negative one^ except an Integer leps than r+i. 

Since A-\-Bx-\-Cx"’\-Dx^^ &c. is ^a-\-x\\ A-\-Bx-\- 
Cx\ &Cc. XX'' will therefore = 5 ^+ 3 Tl"x;c’' ^ whence, by taking 
the Fluent continually of the laft Equation, we have, 

. — . » 4 -i n-^» 

T^. „ a-\-x\ a Ax , Bx* , Cx^ 

FirlL — — XX- y.x =a? in. \- 

^ w+i " ' ■ 

6Cc. Second, 




7 I+Z 


Y.X 


a 






n-\-i • 

a XX 

XX — 


'r-z . Ax* Bx^ \ 9Lr A J 1 m a-^X^ 
—X in. h— H > G^c; And, laftly, 


»-f I 

v-{-r 


1.2 


2.3 3.4' 


«4-ix»-f-2(r) 


a 


n+r 




«+r ~2 

X 


«+ix«+i(0 — t) «-f-ix«-f2(r — 2) 




n+r — 4 

• .V* 




Z ^ = 4 - 

»-fix»4-2 (r— 3) (''—4)^ *-2.3(r) 


M-* GfH-i 


7— V -1 7-:, 5 Cc. Wherefore, dividing this Equati- 

,2-3-4V> 3-4-i.('‘) 


on by x', we have 




» 4 »^’ 

^7 X 


« 4- I H- i «+ix;/~p 2 (r) 

»4r — t — r-f-i - — 2 . — r-|-z ^ 

«+IX »+2 (f— I ) «+IX^H -2 ('■ — ») 

,&C- Qi E. I. 

L E M M A II. 

find the Sim of a Sei'ks of Towers whoje Roots aj'e 
in arithmetic alTrogr eft on ^ +3^" +^’'4-5^'’ 

cofitimed tv x Th ms^ 


^ ILex d*" into Ax*^^ '\’Bx”-\-Cx * ’\-Dx "^Ex \ 6Cc. 


jfr^i 


«— 2 


«— 5 
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+^=^«4-731’4-37r+^” ; thenmuft d* into 

_|_ if ^ 6x -h 1 1”~\ &c. +AT, it ismanifeR, 

be = ^'’ + 27‘’’+3^'’+^" wherefore, 

by taking the former of thefe Equations from the latter, and 

, A — ^ I D 

dividing the whole by d”y we have Ay^x-\-\' — x -|- xs x 


T ff “““ 1 71**"*^ ^ 

if — x^+fx^+M — ^ ^ > c<!c.= 

;e-l- iT y where expanding the feveral Powers of »v-j-i in 
Series, and comparing the like Terms, we get B= 

t, C 7 =^, D=o, F equal o, G equal 

*’ 3.4’ ’ 2.3-4-J-6 

«x»— ix» — ax« 3x« 4 therefore d"-\- Td\" + 

2» 3 *4* 3*^*7*^ 


”+‘ . 

— •^n X .X . ^X 

3^ ^ 3.4 i.i. 4 - 3-6 

»x«-ix«-ax »-3x»-4xx 

, I ,1,1 ;/x«— ix«— r; 

when ;f=i, will become d’'=^+i+- 2.3. 4. 5.6 


«-i »-J 

«x« — I x« — ax X 


■•—I , 1 

&c. +K in d-. Wherefore ii:=^+i- ^ - J.3.4.J.6 

6Cc. Confequently ^'’i"-;qri+r+“7:5: 


« . «X« — IX« — 2 


»— I «— J 

wx «x« — I X « — IX 


1-3 


.+ 


«x« 


«x«— 1 X«— 2X«— 3X«— 4xjf"-y 


2.3.4.5.67.6 


«— 7 


_IX»-^ 2 X 7 /— 3x7/— • 4 X«~ 5 X»— I 

2.3 .4*5*^’7*^*.5’6 


«-9 


y /X77 — ix;/ — 2X» — 3 ^^ — 4^^ — — 6x7/ 7 ^^ 

2.3.4.5.6.7.«.5>.ii.ii 
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I ,, n , — IX/; — 2 /;x/; — ix// — ix;; — 5X// — 4 

-4-1 1 — J 

;/-fi ■ 3.4 ‘ 2.3. 4.3. 6 2.3.4«5.6.7.6 ' ^ 

2Cc. equal to the Value Ibught ; which, when n is a whole 

pofitive Number, will be barely exprelled by d’' in 

n w — 1 «~j 

^ X fix «x;/— I x;/— 2 a: , ... 

— '4 — • — — 7 — , oCc. continued till 

/;-f 1 'a ‘3.4 2.3-4-i-6 

it terminates, provided that the laft Term thereof when, n is 
an odd Number be rejeded. E. L 

COROLLARY!. 

Hence by taking d=iy and «=i, 2, 3, 4, 6Cc. fuccefliyc- 
ly, we lhall have 

I — ^2 

i‘+ i‘+3‘+4*+i‘ *‘= J 

i'+i'+3’+4’+i’ *’=^*+r+4 

i*+i"+3*+4 *+J* a:*=- + -- 1 --— — 

S ^ 3 30 

i’+i‘+3’+4’+3‘ x<=^+-+^~— 

I J I ^ I J 6 ' 2 12 12 

6 Cc. 6 Cc. 

COROLLARY XL 

If a; be infinite, and « any pofitive Number, or negative 
one lels than Unity; the fir ft Term of the Series, it is manifeft, 
will be infinite in refped of the reft of the Terms; and 
therefore the Equation will in that Cafe become i"+i"+3’' 

n-{'i 
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LEMMA IIL 

t-T'O find an Exfrejfion or Series^ whkh cofi/lfitng of the 
^ Jimflc Tov:ers of x and known Coejfiacnts^ fall be equal 
to 1XIX3X4X5X6X7X8, 5Cc. continued to x Favors, 


Le t denote the given Value, and x — aL : Xy +^^4-^ 

thehyp.Log. thereof then will ^4-i — 

•^4' ^ 4“ -P"!" ^^^4“ I 4”-E'^ 

;f4- i*'^, SCc. be=Z/ : T'4-L : x4-i; from which Equation 
by fubftituting the Value of L \ fy 6Cc. there will 
be X’-a L;7^p5+-^4'6x.v4-*i~'-~jr'‘4“I)x^^“*-~;c“*-h 
E'>(.x-\- 1 *"^ — xT'^y &Cc. = 0 ; this converted into fimple Terms 


IS 


.v“* , x~~^ 


^—6 


I — 4 ”"~ ' — H H“““ ) ^c. 
a 3 4 5 6 7 

ax~"* ■ /7jr'3 , ax^.^ . ax^ 


^— axT '''] — ^ 

i 3 


4 — z" ) 2 vc. 


=0 


4 S ^ 

6Cc. 

* * * — 2Z)x^34_3Z3jir'4— •4 Dx~54-jZ3x~^, 6Cc. 

* * * * — — io£jr“^ &c. 

* * * ^ — 4/’:^ 54 _ioEx'~^, ficc. 

* * * ^ * —sGx-\^c. 

^ ■ L ' * ■ &c. 


Whence ^=1, ^=—’, D=o, E=— T=o, 

(7= — I — H=Oy /=- . ^ , &Cc. and conlequently ^4~i>< 
3«0 a 6«7 5*o.7»o 

I ' I ^ 

^ I a;c 36 cx’"^ 1 26o.v^ i68ox’"^i I 

=L:F. Suppole x= i , and the Equation will become — i 

4_^4_J L 2<;c, =0 and therefore £ muft be =i — 

12 360’ ’ 




12 360 1 260 


2Cc. which fubftituted inftead thereof, gives 
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m 

J+jxZ, : ^,-x+i-l,+^, &c. 

&c. —L:T, Now the Number wfiofe hyp. Log. is i will 

be =2.71828, 6Cc. that whofe Log. is — J — . 4 - — ^ „ 

' ’ ® I2AT 360X* ' 1260^?' 

&Cc. equal to 2-506, fiCc. \vhich,.as Mr 

obferves from Mr Sterlhigy is the fquare Root of the Peri- 
phery of a Circle, whole Semi-Diameter is^ Unity : Where- 
fore if that Periphery be denoted by e, and 2.71 S28, &c. 
the Number whole hyp. Log. is i, by «;,.and our Logarith- 
niical Equation be reduced to one Ihewing the Relation of 
the correlponding Numbers, by multiplying together thole 
above foqnd anfwering to the feveral Parts thereof, we lhall 




have A**+i in w* in in i 


=‘P. R I. 


135 


12^ 288^ 51840A; 


i y 


fiCc. 


COROLLARY. 


Because when a: is a very great Number 1 — rrTr-, 

, 12;^ 288 x ’ 

6Cc. becomes inconliderabic, T or its Equal 1X2X3X4X5X6X7 

-^x 

. ... XX w'ill then be nearly equal to £ in \/iX, 

m 

L E M M A IV. 

1 F c be the Fenfhery of a Circle^ '’^’hofe Radius is Unity 
the Ratio of the middle or great ef Ter?n of the Binomial • 
I -f I, raifed to a wy great To'-jver (;/), '■juUl be to the'oehole 

Po'ueery as i to '■eery nearly. 

For 
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For it is known, from the Principles of Quadratures, and 
•is proved in page iiS and 121, of my Book of lluxions^ 
, Jhat c being, as above fpccified, the Area of the whole Curve, 


whole Ablcilfa is .v, and Ordinate 


V I — .Y.V 


, when H IS an 


-even Number, will be into 

that the Area of the Curve, having the lame AblcilTa, whole 

Y»+i 

Ordinate is — ^==, under the fame Values of a: and is 
V I — XX 

|x;X;x* .... X — Therefore fince thefe two Areas, when 

* j i 7 «-[-i 

n is very great, are very near equal to each other, ^ x 

j 

lx’xix....x -will be nearly = }xfxtx^...x — — land 

n ■' «+i’ 

If 1 TN* f 2X2X4X4x6xd . . . xwx;/ 

' therefore, by Divifion, ;= — 

’ ^ * 1XIX3X3X3X5..X;; — ix« — 

where multiplying both Sides by «+i, weget;x;/+i, or 

— ^ nearly : the fquare Root 

4 IXIX3X3 . . .. x«— ix«— I ■' ^ 

, ^ . V cn 4X4X^ . . . « 2X JX4X4. . .»x« 

whereof is = 2” 

2 1x3x5... « — I IX2X3X4...W — ix» 

i*X2‘xV.. • . „ IX2X3X4 . . . .- 1/; 

X rL — = 2 X — = • 

I X 2x3x4.... « «x« — ix«— 2X« — 3....|;/4 -i’ 

, - . . V cn n^n — ix« — 2x« — 3 ... 1 tf 4 -i 

wherefore it is as i : : : — ; 2" 

2 I X 2 X 3 X 4 

but the third Term of this Proportion is known to be 
equal to the middle Term of the Binomial propolcd, and the 
fourth thereof equal to the whole Power. E. I. 


LEMMA V. 

*~T"0 find the Ratio that an ajjtgned Term of a Binomial^ 
raifed to an infinite Tower j bears to th^ whole Series. 

Let 
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Let be the given Binomial, n the Index of its Power, 
f the DiBance of the propel^ Term from the firft, and put 
J = : The n fince the Value of the faid Term is 

— ,.^.3.^^^...^ , 've fliall, by equaUy multi-, 

plying by 1)12x3x4x5 .. . s, have — — -J— — 

which by Lemma III. is = _ ■ • 

' X r^%s*v>V ers 

m and c being as there fpecified ; wherefore dividing by 

J+^fvvehave Q, E. L 

r'x j"x<j-|-^l X y ers 

COROLLARY. 

Because thegreateft Term of the whe^e Power is that 
wherein the Exponents of a and b are to one another as ^ to 


if s be taken to r in the Ratio of a to or r=; 


bn 


and and thefe Values be fubftitu ted above, we fhall 


have 


a-^b 
V aben 


y for the Ratfoof the greateft Term to the whole 


Power \ which therefore, when a and b are equal, will be- 

come -=*- the very fame as in Lemma IV. Hence it is 
V cn 

manifeft, that the Value of c in Lemma III. is not only near 
but exadly equal to the Periphery of the Circle, whofe Ra- 
dius is Unity ; which there was r»t eafy to determine# 

LEMMA VI. 

theL^rofortiou which thegreateft Term of a Bint^ 
mialy raifted ta an mfinitey or very great Tewefy, bears to 
a given Number of Terms next it. 

U Let 
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^ X,ET<^+^be the propofed Binomial, as abo7e, n the In- 
dex of its Power, y the greateft Term, and f the Number 
of Terms to be taken on either Side. Bccaufe the greateft 

Term is that wherein the Indices of a and b are equal to 
va . vb .r 'na . ^ ‘ , nb ' 

-^b =■'’ ;rp='^> 

• ' s^by 




Term to it will, it is manifeft,.be ; the next after 

rxj — X'/.b^y 


that =• 


- , the next following equal 


JL^f — ^ and confequcntly that, whole Diftance 


3r+ixr+axr-h3x^’ . 


^ ' JXJ~IXX— 2 J— />+! 

from the greateft IS/-, equal to ^^^^r+%y^r+i 

and therefore its hyperbolical Logarithm equal to 


. .t 


L\y-{- 


pL.b 

fL'.s 

—fL\a 

—}L\r 








3 


2r 


2J 


3 




6Cc. 

4r- 

a-i-J:— &c 

' " ' 3s’ 4s*> 

&C. 

s ir ^ 4s*\ 


~ 2Cc. to I, Series . . . . 

I 


-•‘d 
* r" 2r* 




w • I " ^ 


• 8' I >1- Hr 


r ar* ar* * 

. 3 I P ^7. , 8i 

‘ ‘F^ar* 3r’^4T‘ 
— ^ &C. to / Series .... 


, SCc, 


But becaufe ar is =^bs^fL : b^-^pL\s.^~-fL : a^-^pL.r vaniflies 
out of the Equation. And the Numerators of the remaining 
Terms being Series of Povyers, whole Roots are in arithmeti- 
cal 


Digitized by Google 


Laws of CHANCE. 

cal Progreflion, their Sum will be eafily had by Lemma If. 
and from thence our Expreflion becomes 

__ IS 

— 2 x/>— 7 l^— I 


I2J 


,6Cc. 


lyj whereby fubftituting for r and s their Equals - — ^ , 'and 

'Srh' '"'l 

Term whole Diftanc c-from fhe^greateft iy' denoted by/?j and 
therefore r==^x I— 8Cc. for the 

^ n 2« 2.3;;^ 2.3.4«^’ ’ 

lake of Brevity,' being put inliead of : Hence the Sum 

of all the Terms beteen the two exprefled by y and with 
the laftof thelc inclufivc, will,* by Lemma II. be ^yf in. i — 
'df dY . dy\ ‘ . ■ ' dY"‘ 

'3» 2.5»* 2.3.7»’ ' 2.3.4.5>»^ 2.3.4.5.1 1»*. 2.3.4.5.6.i3»'* 

^r. very nearly. Where, if -u be put =^, or/= V ft ^ 


V *11 / • dv . d^'V^ .d^v^ , d*^*^ ^ . 

It willbecomcyv w/in. i — — Kr. 

3 M 2 - 3-7 - . 

from whence the required Proportion is manifeft. 


"9 


Y+f 2Y+3P^'+P u. . . , . 

— ^ ■ ' i2r‘ ’ ^ 

* ■ - i . • ^ ^ ^ i f 

in refped to r and will become =Ly. — '^T-^^verv ncar- 
■ ■ ir 2s 


C 9 R O L L A RY. 

Becaule the greateh: Term divided by the whole Series, or 

■ V • 

... V a-\-h 

\ 
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=^=1"*" > which being fubftituted inftead thereof in the Uft 

_ * 

of the above Expreffions, we fhall have ^ ^ 

d*i) dW d*‘V^ , //V cti 1 1. c i- 

I — — : * 3 ^*. equal to the Sam of as 

3 2.5 ^ 1 * 3 - 7 / 1-3 4 ; 5 > - 

many Terms, immediately fucceeding the greateft, as there 

arc Units in 7 ^; c being =, 2x3,1413, and^/=-^^ : 

And therefore when a and ^ are equal the faid Sum, it is 

ftianifeft, will become JIfJ|-x2y'2in* i— 

^ ^ ‘ c 3 i-i 1-3-7 

■+ Si,. 

^2,34.3! a. 3 - 4 -i-“| i- 3 - 4 - 5 -<^i 3 i 

PROBLEM XXVIIL 

cUffefiig a gmn Number y. n-|-r, ^ AdmuturerSy flaying 
- at RaffieSy or any other Game the like NaturOy and 
the firft of themy A, to have raffled and got fo great a Num^ 
hety that there are only (a) Chances for a greater^ (b) Chan^ 
ces for the f^fttCy and (c) for a leffer Numbed ' ; To find the 
Probability of his Winning : Andy fuffofing the whole Stake 
or Thing raffled fory to be in Trofortion to the Number of 
P layers 'y To find alfo what that Number muft be to make his 
Advantage by this Ctrcumftance the great efi fofjible. 


SOLUTION. 


h-\-c 


Since is the Probability that no afligned Player 

gets a greater Number than Ay the Probability that no one 
of the («) Players lhall bring up a greater Number, will be 
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m 

or, if c+^1 be converted into Ample Terms, 

&c. (byCbr. 

^ ^3 

I.); the Terms of this Series being refpedively equal 
to the Chances, for o, i, 2, 3, of thofe Players having 
an equal Number to that of and all the reft, at the fame 
Time, lefler Numbers : Wherefore if thefo Terms c", nc”^'by 

6Cc. be relpediyely divided by i, a, 3, the 



Sum of the feveral Quotients applyM to will be 

c* , ruf^b , »x» — ixt*-*^ . «x« — I n — a 


7 + 2 


+ 


2.3 


+ 


for the 


^~\-b-\-c\ 

firft Part of the Anlwer. But this, by Lemma i. is = 
c4-^=«/, equal this therefore multiplied by «-fi, 

c’*+> 

the whole Stake is — , the Expedation of in the 

fecond Cafe; which by the Queftion muft be a Maximum, 

and therefore its Fluxion xL.-— -~ixA:-===0, 


bs" 




or 


<^»+‘xL =c”+‘Z,;~ ; Wherefore putting the Hyperbolic Lo- 

carithm of -*=/>, and that of - it will be - ~ whence 

^ d ^ c • c ^ 

q^rl 

Log.d^Log.c ^ . • 


X 


EXAMPLE 


Digitized byGoogie 


8x 


.'TSf' .‘N atu RE and 
.... E.X A M P.L E. . 

/ ' ' . ' • ‘ V I . . . -5 • 

Let A\ Number be fuch, that there may be only one 
Chance for a greater, one for the fame, and loo for a iefler 
N umber \ then ^ being = i , ^ = i , c = i oo, </= i o i , and / = 1 02, 
g will bco. ci p8, and <6= o. 0^85, and therefore accord- 
ing to the laft Cafe, =^70; whence it appears that the greateft 
Expedation that A can poffibly have in the above Cir- 
cumftance, is, when there are Players befides himfelf ; it 
then being about 25. 7 Times his own Stake. But ij the 
Players were 100, his Expedation, by Cale i, would be 
only 24 Times his Stake, and if they w'erc infinite it would 
be indefinitely fmall. And from hence appears the great Dil^ 
advantage that even a good Gamefter, or one that Has a great 
Number of Chances for Winning wi.U have in playing where . 
there are others better than himfelf, even tho' the greater 
Parr of the Players are at the fame Time much worfe than 
hirolelfi .. ...... - 

. I , - 

PROBLEM XXIX. . 

A and B, Chances for vjmimg any ajjtgned Game 
^ are hi the ghen Tro^ortton of a, to b, agree to flay 
Vii/ n fioMes are won and lofty on Qmdiuon that' Ay at the^ 

Beginnlngyof e'i'Cry Game ftoaJl fetybe Sum p to foe Sum 
* » 

fo that, they may flay without Difadvantage on either Side 'y. 
*Tis required- to find the frefent Value ^ of all the Winnings 
that may be'hetwixt them ,when-'the Tlay is ended^ 

• , • ^ I . ^ 

SOLUTION' T 

Let j be that Term of expreffed in a Scries, where 

the Exponent of the Power of Uy divided by that of by is, as 
• r ’ near 
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a 


oear as may be, equal to,, but not lefi than -p and let thcDi* *^ 
ftance of that Term from the firft, or the index of in the 

faid Term, be denoted by d: Then becaufc 

the former Terms of that Series 
are (as has been found in Troh, j) the reipe£tive Chances for 
winning », « — i , « — 2, n — 3 , ^c. Games prccifely, or gain- 
ing the Sums^x», -^x«— I — a— 3— 3^; 
if thofo Terms be relpe^ively drawn into thefo Sums, 
or b foveral Produds 


a 


be added together, and the whole be divided by, the 

total Number of Chances, we fhall have * for 

ay^a-\-tA 

half the Value fought j which when the Ratio of the above 
laid Exponents, is cxadly, as a to by will become 

j . for then ~d^b=ia, and Q^E. L 

C O R O L L A R Y II. 

• • • • • 

s * A 

Hence, if n be a very great Number, being =t 

u-\-b 

1 / ab*A ^ Lemma' 5. the Value in this Cafo \vill be 

bfi\ ' • 

y/ — > • ■ c . beings . as there Ipecified j equal to the. Periphery^ 
of a Circle whofe Semi-diameter is Unity. 

EXAMPLE!. ... 

Let d=s2y b=jy />=i, and «=8 ; then taking the third 

Term of a*+Sa^b-^2.Sa^b^+s6a^b\^c, b^ufoVtTie Ratio 

3 

' - ' of 
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of the Exponents in the next Term is lefs than there will 

be I , for the true Value in this Cafe. 

a-\-iX ’aiS/ 

EXAMPLE n. 

Suppose ^j=i, ^=i, ^=i, and «=ioooo j andwefliall 
Tn n 

have -=7p,8 ; but if n had been fuppofed 

c 

1 000000, the Anfwcr would have been only ypS. 

PROBLEM XXX. 

Gameflersy A an^i B, equally skilfuly enter into Tlay 
together y and agree t» continue the fame till (n) Games 
are won and loft, *Tts required to find the Probability that 
neither tomes off a fVinner of iVn Stakesy and alfo the Pro^ 
bability that B is ne^er a Winner of that Number of Stakes 
during the whole Tme of the Play\ r being a gtveny and n 
any *uery great y Number, 

SOLUTION. 

If from i + 1 raifed to the n Power be cut off the firll half of 
the Terras, and as many of the lall of them be taken as there arc 
rV n 


Units in and divided by the Quotient will, by 


Prob, 5, be one half of the Value fought ; But the faid 
Terms according to Cor, to Lem, 6, by fubftituting 


rVn 

a 

rV n 


inflead of V will be i T*?” in. i f 

’ VC 3.2 * 




f 10 




2.3.7.^"^ 2.3.4.5>.r 5 2.3.-^5.i 1,32"*" 2.3.4.5.6773^' 


hz 


y ^c. And 
therefore 
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St 


therefore the -^>ouble hereof, divided by i+ij*gives— in. i 

r* r* ’ o • f* , r* 

^ or .708, xr in. i 1 

‘ 0.5.4 2.3.7.S’ ’ 3.0 2.5.4 


+: 


for the firft Part of the Anfwcr: But 


a.3.7.8 ^ 2.3.4.5 >.i 6* 
this is alfo the Anfwer ki the other Cal^ as is mani&ft from 

to TroL 25. E. L 


I 


COROtLARY. 


If the Probability Ihoukl be given = j, and the Value of 
r be required ; then itwill be .7^8, ®c. xr in. 1 ( 


3.2 • 2.5.4 


^ X 

— r, &c, =- ; where r will be =a674, 

2.3.7*® ^ 

Hence it appears that, however great n may be, it is an equal 
Chance that neither of the Gamdlers comes off a Winner o^ 
0.674 ^ n Stakes : And from this and the laff Problem it may 
be alio obferved, that tho* a Gameller may at ibme Times be 
• avery great Winner, or, on the other Hand, a very great Lolcr, 
yet, at Long-run, there is almoft any afligned Odds, if he zU 
waysplaysupoD an Equality of Chance, that there will ioucely 
be any Compariibn between his Lofs or Gain, in the End, 
and the whole of the Money he ventures ; And iccond, that 
if an Event after a great many Tryals, is continually found 

t 

to &il or fucceed more frequently than it ihould according to 
the known Chances, by which it feems to be decided, there 
is the greateft Reaibn to fufped that that Event is affeded 
or govern'd by ibme other Csule which we are unacquainted 
with. 
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